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PREFACE. 

The present Manual is intended as a Sequel to the 
Author's Treatise on Plane Trigonometry, and is written 
on the same plan. An examination of the Tablfi of 
Contents, or of the Index, will show the scope of the 
work. It will he seen that, though moderate in size, it 
contains a large amount of matter, much of which is 
original. 

The sources from which I have obtained information 
are indicated in the test. The principal are Crelle's 
Journal " fiir die reine und angewandte Mathematik," 
Berlin, and N'ouvelks Annales de MatMmatiques, Paris. 

The examples, which are very numerous (over five 
hundred) and carefully selected, illustrate every part 
of the subject. Among them will be found some of 
the most elegant Theorems in Spherical GJ-eometry and 
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ments and best thanks. 
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E EE AT A. 

I 3, last line, omit " the ". 

9, line 6. for BD = read BD + . 

72, ,, 13, insert a eomma after {0- ^BC). 
112, ,, ll,forx,y, s, reodBiEeB of r, y, =. 
131, „ Exercise 4, /or ttree times, reai one-third. 
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SPHERICAL TRIGOKOMETRY. 



CHAPTER I. 

SPHERICAL GEOMETRY. 

SscTioif 1. — Peeliminakt Pkopositioss astd Dkfihitioks. 

1. Dep. I, — A sphere is the surface generated ly the repolution 
of a semieirele about its diameter, which rerrtains fixed. 

The t«rm sphere is used in a two-fold signification — 1°. Aa denoting tbe 
surface. 2°. The solid bounded by tbe surface. These eorreapond to the 
two-fold signification of lie word circU in plane Geometry, namely, the 
cireumfirence, and tbe area included within it. 

Bep. II. — The centre of the generating semicircle is called the 
CENTEB of the sphere. 

Def. III.— -^ SADniB of the spTwre is any right line drawn 
from the centre to a point in the surfaec. 

DF-if. ly. — A BiAMETEB, of a Sphere is any right line drawn 
through the centre, and terminated both wags by the surface. 

From the definition of a spherical surface it follows at once — 1°. That 
every point in it is equally distant from the centre of the generating semi- 
eirele. 2°. That any point P in space is outside, on, or inside the surface, 
according qe its distance from the centre is greater than, ejMsi to, or iess 
than tbe radius. 3°. That spheres having equal radii are eqnal. 
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3. Msery section of a sphere made hy a plane u a cireU. 

\°. It the plane passes througli the centre, such ae ABC, 
the proposition is eTiilent, since every point in the surface is 
equ^y distant from the centre. 

2°, When the plane does not pass through the centre, such as 
jD^^. Let be the centre. From let faU a perpendicular 
07 ou DEF{'E.aG. XI. sr.). Take any point F in the section 
BEF. Join OF, IF. Then, since 01 is normal to the plane, 
the angle OIF is right ; therefore IF^ = OF^ - OP ; but OF is 
constant, being the radius of the sphere. Hence IF is constant, 
and therefore the section DEF is a circle, whose centre is / 
and radius IF. 




Cor. 1, — If S be the radius of the sphere, r the radius of the 
section, d the distance of the plane of section from, the centre 
of the sphere, 

r' = ^~d''. (I) 

Cor. 2. — If R = d, »• = 0. Hence the section will reduce to 
a point, and the plane will touch the sphere. 
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Preliminary Propositions and Definitions. 3 

Cor. 3. — Two circles, whose plaaes are eijuaHy distant from 
the centre, are equa!. 

Def. V. — The two points P, P in whiek the diameter perpen- 
dieidar to the plane of (he circle DEF meeta the sphere are called 

its POLES. 

Erom ttis definition it follows — 1°. That all circles ■whose 
planefl are parallel have the same poles. 2°. That the centre 
of any cirt'le, its poles, and the centre of the sphere, are eol- 

Dbf. VI. — A cuele of the spher e whose plane paesee through the 
centre is ealled a okeat cihcle, and a circle whose plane does not 
pass through the ctntre u tailed a smail ciucle. Thus, on the 
earth, the meridians, the equator, the ecliptic, are ffreat circles, 
and the parallils of latitude are small circles. 

3. The curve of intersection of two spheres is a cirele. 




Dbk. — Let any plane passing through the centres 0, & of 
both spheres cut them in the circles ABBF, GEBF. Join 
EF, 00', and produce 00' to meet the circles in A, P. 
Kow 00' bisects £F perpendicularly in ij and it is evident 
when the semicircles AEB, CMP revolve round the line Oi/ 
to describe the spheres, that the point .£ will describe a circle, 
having tte/for its centre. 
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4 Spherical Geometry. 

4. Either poh of a circle {great or small) on the sphere is 
eqwally distant from fvery point in its circumference. 

For (see fig., prop.n.), join P-f, We have 7"^ =Fr + IF'; 

but IF' is constant - -fi' - d\ and _PP = {S - df. Henee PF 

is constant. 

Cor. 1.— FF' = 2M{R-d). (2) 

Cor. 2.— -PJ^^ 2S (£ + d). (3) 

Dep. TII. — A great circle passing through the poles of another 
circle {great or small) is called a secondary to that circle. 

Dbf. VIII. — The spherical radius of a small circle is the are of 
a secondary, intercepted between am/ point in the drcwmference 
and the nearest pole. Thus the spherical radius of the small 
circle BFF{eee fig., prop, n.) is the arc PJ). 

Cor. 1.— If OA he perpendicular to OP, the point A will 
describe a great circle. 

Cor. 2. — The spherical radius of a great circle is a quadrant. 

This Is evident ; since P, i" are the poles of the great circle 
ABC, and AP, CP are quadrants. 

5. Only one great circle can he drawn, through two points on the 
swface of the sphere, linless they are diametrically opposite. 

For only one plaae can be drawn through t^e centre and the 
two points, unless they are colUnear. 

Cor. 1 ■■ — If two points A, C be each 90° distant from a third 
point P, P is the pole of the great circle, determined by the 
points A, C. 

If be the centre, the line OP is perpendicular to the lines 
OA, OC, and therefore it is normal to their planes. Hence the 
line PP is the axis o£ the great circle in which the plane OA C 
cuts the sphere, and P, P' are its poles. 

Cor. 2.— If the planes of two great circles be at right angles 
to each other, their axes arc perpendicular, and each passes 
through the poles of the other. 
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Preliminary Propositions and Definitions. 5 

6. The locus of all the jpointi of a sphere which are equicUetant 
from two fixed points A, B of the sphere, is the great eirde, which 
is perpendicular at itt middle point to the arc of the great eirele 
AB. 

Dem.— Let Cbe the mildle point of tlie chorl AB. At C 
erect a plane P, peipendicular to the cliord AB P passes 
through the centre of tte sphere, and it lo the locus of points 
equally distant from A and B , therefore the point's of the sphere, 
■where P intersects it, are the only points on it which ore equi- 
distant from the points -4, B. Hence the propositioa is proved. 

7. Any two great circles of the sphere bisect each other. 

DsM. — Let ASCS, AEGF be the great circlee ; then 
(Dcf. Ti.) tte plane of each passes through the centre of the 
sphere. Hcnee the common section AC lA these planes passes 




through the centre ; hut the common section of two planes is 
a right line (Euc. XI., iii.) Hence ^Cis a diameter of the 
sphere ; therefore ABC, ABC are semicircles, and the proposi- 
tion is proved. 
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6 Spherical Geometry. 

Bep, IX. — When two ares ofciroles intersect, the angle of the tan- 
gentt at their points of intersection is called the angle of the arcs. 

8. The angle of intersection of tieo great eiroles is equal to the 
inclination of their plattes 

Pem. — Let C&, €S be tangents to the semicircIeB ABG, 
AEC-, then (Enc. SI Def ix ) since each is peipendicular 
to OC, the angle between them i"* equal to the ingle of incli- 
nation of the pianos of the great circle hut (Def ix.) the 
angle between CG, CH is the angle of intersection of the 
great circles. Therefoie the angle betteem two great circles is 
equal to the inclination of their planes 

Cor. 1.— IE C5, CE be quali nts OS OE are at right 
angles to 00, and the angle BOE is equal to the angle of 
inclination of the plane of the great circles Hence the 
spherical angle BCE is e^ual to the angle BOE but BOE 
is measured by the ar "BE Hence the spherical angle con- 
tained hy any two great circles ABC, AEC ts measured by the 
are of a great circle intercepted betvieen them, and having the 
point C for its pole. 

Cor. 2. — The spherical angle BAE is equal to the angle 
BCE. 

Cor. 3. — The angle of intersection of two great circles is 
measured by the arc between their poles. 

For, if 5£be produced, since the plane 50^is perpendicular 
to 00, BE will pass through the poles oiABC, AEC. Let 
these be I, K, respectively ; then, evidently, the arcs IB, KE 
are quadrants. Hence IK - BE; but BE {Cor. 1) is the 
measure of the spherical angle BCE. Hence Zff" is equal to 
the measure of the spherical angle. 

9. To find the radius of a solid sphere. 

Sol. — From any point of the spherical surface as pole, with 
any arbitrary opening of the compass describe a circle ABC; 
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Preliminary Propositions and Di>_fimfions. 7 

in the cireumference of thii circle take any three arbitrary 
points A, B, C, and with the compjss transfer the three recti- 
linear distancea AB, BC, CA, and coimtnict a triangle ahc on 
paper, having ite sides oi, he, ca respectively equal to AB, BC, 
CA. Find «', the circumcentre of the trimigle abc. Join ia. 




Erect ip perpendicular to ia, and inflect from a to ip the dis- 
tance op equal to the opening of the compass with which the 
circle ABC was deserihed on the sphere. Erect ap' at right 
Jtngles to ap, and produce ip to meet it in ^' ; then pp' is equal 
to the diameter of the solid sphere. For, from the construction, 
it is evident, if we join AP', that pp' is equal to PP'. 

10. Analogy between the geometry of the sphere and the plane. 

In order to understMid the analogy between plane and sphe- 
rical geometry, it is necessary to observe that to right lines on 
the plane correspond on the sphere great circles, and to circles 
on the plane correspond circles on the sphere, which may be 
either great or small. 

On a solid sphere can in general be resolved problems analo- 
gous to those on the plane, the instrument employed being the 
compass. Thus (see fig., § 2), if we place one of the points 
of the compass in P, we can, with an opening equal to the 
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8 Spherical Geometry. 

chord PD, describe the circle DEF. To describe a great circle, 
it is neeessary that the opening of the compass should be equal 
to the chord of a quadraut. We can also, by the compass, divide 
an angle into 2, 4, 8, &c., equal parts, erect an arc of a groat 
circle perpendicular to another, make a spherical angle equal 
to a given spherical angle, JcBcrihe a circle touching three given 
circles, &c. 

EXEBCISES. — I. 

1 . A great circle passing througli the polos of two othera cuts each at 
right angleB, and their points of intersection nie its poles. 
2-5. Solve the following prohlems with the compass : — 

1'. Dcscrilie a great circle through two given points of the sphere. 
2". Through a given point of tie sphere draw an arc of a groat circle 

perpendicular to a given great circle. 
3°. Make, at a given point of a given great circle, an angle equal to 

a given angle on the same sphere. 
V. Through a given point not on a given great circle draw a great 
circle making a given angle with it. 

6. The loci of the polea of great circleB, making a given angle a with a 
given great circle, eondet of two small circles, having flie same poles as the 
given circle. 

7. The tangents at a given point A of the sphere to all circles (great or 
small) pEseing through A lie in the plane throi^h A, perpendicular ijj flie 
radius of the sphere drawn tj> that point. 

8. If a tangent line to a sphere passes through a given point, the locus of 
tie point of contact is a small circle. 

9. If tangent lines to a sphere be parallel ia a given line, the locus of the 
points of omtact is a great circle. 

10. The arc of a great circle, perpendicular to the spherical radius of a 
small circle at it* eitremity, touches tho small circle, 

11. Draw a great circle, touching two amaU circles. 

12. Draw a great circle through a given point, touching a given small 
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13. If a yariaMe sphere touch, tiaee planes, the Iobub of ifa centre is a 
right line. 

14, Descrilje a sphere, passing through four points wMch are not co- 
ploiiar. 

16. If ^, £, C, D be four points on a great circle, proTe that 
sin.BC.9in^J> + sm G4 .ainJi) + sin^B . sin CD = 0. 

16. In the same case, prove that 

sin SC .msAD + sin CA cos BD + sin AS cos CD = 0. 

Section II. — Sphekical TaiAHeiES. 

11. Def, X. — The figwe formed ly the shorter ares joining 
three points on the sw/aee of a sphere, no two of which are 
diametrieally opposite, is called a spheeical TEiAifQLE. 

Two points on ihc surface of a sphere can be joined Iiy two distinct ares, 
which together make a great circle. Hence, when the points arc not diame- 
trically opposite, those arcs are unequal, and it follows from the definition 
that each side of a spherical triangle is less Hian a eemioircle. 

If ABC be the triangle, the centre of the sphere, the 
plwieB OAS, QBC, OCA form a solid angle - ABC 




(Enc. XI., Def. m.), whose face angles AOB, BOC, COA 
are measured by the aides of the spherical triangle ABC, 
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10 Spherical Geotnetry. 

aod whose dihedral angles (Euc. XI., Def. ii.) are equal to 
the angles of tte spherical triangle (§ 8). There is then a 
eorreapondence hetweon the spherical triangle ABC and the 
solid angle 0-ABC: every property of one gives a property 
of the other. 

Dep. XI. — -The portion of a sphere com^iseA between two kahet 
of great circles is called a lune. 

Three great circles intersect in six points A, A'; B, B'; C, C. 
These are two hy two diametrically opposite, and divide the 
sphere into eight triangles. 

Def. XII. — Two triangles BOA, ffCA, which have a eommon 
side CA, and whose other sides helong to the same great circles, 
ore called cohjuae iBiiNCLEs. The triangle ABC has three 
eolnnar triangles, viz. A'BC, B'CA, CAB. 

Def. XIII. — Two triangles ABC, A'B'C, whose correspond- 
ing vertices are diametrically opposite, are called ABiiPociL 



12 Ang two sides of a sphi.rical tf /angle aie together greater 
than the third, and the sum of the three sides ii, less than a 
great ctreh 

Dbm — Let ABC be the sphencil tnani^k (see fig , | 11), 
the centre of the "phere Join OA, OB, OC , then (Euc 
XI , xs ) any two of the plane angles forming the trihedral 
angle - ABC aie together greater than the third , but the 
ares AB, BC, CA are the measures of the plane angles ^OB, 
BOC, COA Seme the sum ofang tm of the arcs AB, BC, CA 
M greater than the third. 

Again, the sum of the three plane angles AOB, BOC, COA 
is (Ecc. XI., isi.) less than four right angles, Sence the sum 
of the three ares AB, BC, CA is less than a great circle. 

In the same manner it follows that the sum of the sides of any 
convex spherical polygon is less than a great circle. 
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^herical Triangles. 11 

13. Since every great circle has two poles, it will be Eeces- 
sary to make some convention in order to diBtinguiBh them. 
For this purpose we empJoy, as in bo many other cases, the 
tenaspositm and negatwe. Thus, if BC be an are of a great 
circle, its positive pole will be that round which the rotation 
from Bio C will be from left to right ; that is, in tlie same 
direction in which the hands of a watch move, and the other 
will be the negative pole. 

For example, if B, C be points on the equator, and C west 
of B, the north pole will be the positive pole of BO, and the 
south its negative pole, 

Dep. XTV. — The spkerieal triangle, whose angular points are 
the positive poles of the sides of a triangle ABC is ealled the 

POLAK TEIltTGLE of ABC. 

14. If two spherical triangles ABC, A'B'C le such that the 
latter is the polar triangle of the former, the former is the polar 
triangle of the latter. 




Dem. — Join A'C, BC by ares of great circles ; then, h 
A' is the pole of BC, A'C is a quadrant. Similarly, B'C is a 
quadrant. Hence, since the arcs CA', CB' are quadrants, C is 
the pole of A'B', and it is evidently the positive pole. Hence 
the proposition is proved. 
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12 SphetiCttl Geometry. 

15. The tides of either o^ tv/O polar triangles are the svpple- 
mmU of tie angles of the other 

Dem. — Produce the arcs A B', A'C i£ necessary to meet BC 
in H and F. Now, since C is the pole of A'£', the arc FC is 
90°, In like manner, the arc BF is 90°. Hence EC -i- BF or 
BC^EF'm 180°; hut EF is (Art. 8, Cor. 1) the measure 
of the spherical angk 5'-4'C". Hence the side i?(7 is the sup- 
plement of the angle B'A' C, and similarly for the other sides 
and angles. 

Scholium. — On aLConnt of the property proved in this pro- 
position, polar triangles are also called supplemental triangles. 

Cur.— It we denote the angles of the triangle ^5 C by 
A,S, C; their opposite sides by a,h,e; and the corresponding 
tlements in the polar triangle by the same letters accented, we 
havo 

a' = 180° - A, A'= 180° - o. (4) 

V = 180° - 5, B' = 180° - b. (5) 

^ = 180° - C, C = 180" - c. (6) 

16. In every spherical triangle — 1°. The sum of two angles is 
hss than the third increased hy 180°. 2°. The mm of the three 
angles is greater than two, and less than six right angles. 

Dem.— 1°. From the equations (4)-(6) we get 
(o' + h' -(/) = 180° + C-{A + S); 
but a' -t h' is greater than c', therefore 180° + C is greater than 
A^ B. 

2°. From the same equations, we have 

A + B+ 0= 540" -(«' + }' + (/). 

Hence A -v B -¥ is less than 640" ; that is, six right angles. 
Again (from § 12), »' + J' + e" is less than 360°. Hence 
A + B + i& greater than 1 80° ; that is, two right angles. 
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13 



Cor. 1, — H any aide of a spherical triangle ABC bo pro- 
duced, the exterior angle is lees than the sum of the two 
interior non-adjacent angles. 

Cor. 2. — If all the sides of a cohtcx epherical polygon be 
produced, the sum of the exterior angles is leas than four 
right angles. 

Det. XV. — The amount hy which the smn. of the three angles of 
a spherieal triangle exceeds ttco right angles is called the spherical 
excess. We shall denote it hj 2E. 

Denoting the spherical escess by 2£ instead ot E has the eame advantage 
as puttiDg ia for the penmeter of a triangle instead of s, viz., it avoids 
fractions, and makeH certain fonnulap containing angles aymmetrioal with 
the corresponding ones containing sides. 

Cw. 3. — Any angle of a Bpherical triangle ia greater than E. 
This is merely another statement of 1°, st^ra. 

17. Two antipodal triangles ABC, A'B'C are equal in area. 

Dem. — Two antipodal triangles have evidently equal sides, 
hut are not superposable, except when each it 




their elementa are arranged in inverse order. To prove that in 
the general case the areas are equal. Let P he the pole of the 
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Spherical Geometry/. 



snnall circle, passmg through A, B, C, and F' the pole of the 
circle through A'B'C ; thea evidently P' is diametrically oppo- 
site toP, and the pairs of triangles P^5, P'5'^'; PBC,P'C'B'; 
FCA, PA'C, heing antipodal aad isoscelei ire superposable 
Hence the mea, of ^5C is equal to the area of ^'^C 

18 Two spheriuil trtanglea on the game sphete have all thetr 
eorre^imdtng elements equal — 1° Wh^n two sides and the cow 
tatned angle ofom are respeetteeli/ equal to two »tdes and the con- 
tamed angle of the other 2° When the side and the ad/aeent 
angles of one are eqttal to a aide and the adjacent angles of the 
Diher 3° When the three sides of one are equal to the three 
itdea of the other 4° When the three angles of (»w are equal 
to the three angles of the other. 




Cases 1°, 2°, 3° correspond to Eoc. Book I., Props, rv., viir., 
xxvj. Case 4° has no analogue in Plane Geometry. It will he 
sufficient te prove 1° and 3°, as 2° and 4° are inferred from 
them by the properties of the supplemental triangle. 

Dem. 1°.—A = A', AS = A'B' ; AC= A'C. If these ele- 
ments are arranged in the same order, the demonstration follows 
hy superposition, as in Plane Geometry. If they are disposed 
in an inverse order, such as A'B'C, ABC", we can superpose 
either of them on the antipodal triangle of the other. 
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Spherical Triangles. 15 

3°. If the arc A'& be applied to AB, the point C will bo 
one of the points of intcrsectioa of the arcs of two small circles, 
described from A and £ as poles, and passing through the 
point C: those arcs will intersect in two points C, C", placed 
on opposite sides of AB ; then, i£ the elements are disposed in 
the same order in both trianglos, C ■will coincide with C. If 
in a different order, the triangle A'B'C can be superposed on 
the antipodal triangle of ABC, and in each case we have the 
corresponding angles equal each to each. 

19. If two sides AB, AC of a spherical triimgh ie equal— 
1°. The angles B, C are equal. 2°. The median AS, which bisects 
BC, bisects the angle A. 

Dem. — The are AB divides the triangle ABC into two tri- 
angles, which are symmetrically equal (18, 3°). 

Oor.—Ii two angles B, C are equal, the opposite sides AS, 
AC, are ey^Tial. Tor the polar triangle of ABC has two sides 
equal. Hence, &c. 

20. Tojind the area of a 




i'ig. 9. 

Let ACBD, AEBFha two Innes harittg equal angles at A ; 

hen, by superposition, it is evident that these lunes are equal. 
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16 Spherical Geometry. 

Hence, by a proeess similar to that employed in Eoc. VI., 
r. and xxxin., it may be proved that lunes are proportional 
to their angles. Therefore a Inne : the ichole spherical surface 
: : angle of lune ; 2jr. Now if r denote the radius of the 
sphere, its surface is 4irr^ (Euc, App. 7). Hence, if A denotes 
the angle of the lune, ita area is 2-4/^. (7) 

21. Girard's Theorem.— 

The area of a spherical triangle = lEr^ (Def. sv.). 

Dem.— Produce the base AB round the sphere, and produce 
BC, .4 C to meet it in -Band iJ; also produce CB, C.-4 through 
B and A to meet again in F. Then the spherical triangle 
BAF\% antipodal to the triangle EDO, and therefore {Art. 17) 
equal in area to it. Hence the lune C is equal to the sum of 




Fig. 10. 

the two triangles ABC, CEB ; also the lune A = to the sum 
of the triangles ABC, BCD, and the lune S = to the sum of 
ABC, CEA. Hence the sum of the three lunes is equal to 
twice the area of the spherical triangle AB C, together with the 
area of the hemisphere C = ABGDES. Hence, if A denote 
the area of the triangle ABC, we have 

2Jr= + IBr'' + 2Cr^ = 2xr= + 2A ; 
.-. A=^(A + B+-C-7r)r^ = 2Er'. (8) 
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This demonstration is tatea from the works of WALLia, Vol. ii., 
p. 875. Tiie fclieorem is due to Albebi GiRiKr, a Flemish 
Mathematician of the 17th century. In 1787, more than 150 
years after ite discovery, an important application of it was 
made by General Boy in correcting the spherical angles, ob- 
served in the Trigonometrical Survey of Britain, Phil. Trans., 
Vol. Tin., p. 163, year 17!I0. See also Mem. Aead., Paris, 1787, 
p. 358, a.nd Mem. Imt., Vol. vi., p. 511. 

Cor. 1. — The area of a great circle : area of the spherical 
triangle : : tt : 2K (9) 

Cor. 2. — II 2 denote the sum of the angles of a spherical 
polygon of « sides, its area is 

{S + (2-»),|A (10) 

ExEEcrsEs . — H . 

!. If a triangle coiuiiideB witli its supplemenlal triangle, prove tlat all ita 
sides are [[uadrants and all its angles right. 

2. The sum of two opposite angloa of a Bpherioal quadrilateral inscribed 
in a small circle ie equal to the sum of the two, others, and each Bum is 
greater than tvo right angles. 

3. The spherical exce^ of a epherical triangle ia equal to the oircnm' 
ference ot a great circle diminiaheil hy the perimeter of the supplemental 
triangle. 

*. The sum of two opposite sides of a apherital quadrilateral, circum- 
scribed to ft small circle, is equal to the smn of the remaining sides. 

5. If A, B, O, B be four concjelic points on a sphere, prove that 
smJB(7.sin^^i) + sini(7^.BiniSi) + aiuJ.4J.BinJGZ) = 0. 

(11) 
This foEows from Ptolemy's thoorem, since chord .BC= 2sinJ5C, &c. 

6. In the same tase, if 

AB = a, BC= b, CD = c, BA ^ d, AC= s, BD =/; 
prove that 

»i;, -i...mi^t.m i i..i.i. 
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Dsr. XVI.— -i tphericttl triangle ABC is 
;trc«fflcentre ii the middle point J) of one 0/ i, 



7. In a diametrical triangle, tlie angle opposite liie diametrical aide is 
equal to the sum of -the two remaining angles, and is greater than a right 
angle. 

8. Two of the eolunar triai^les of a diametrical triangle are also diame- 
trical triangles, and the spherical eicese of the third colunar triangle ia equal 
to two right angles. 

9. If the opposite sides of a apherical quaMlaleral be equal, the diagonals 
bisect each other, and the opposite angles are equal. 

10. If in a spherical quadrilateral ABCB the angle A ~ C and B -^ H; 
then the side AS = CD, and BC = AD. 

Produce the sides AB, CD to meet in E and F; then triangles EBC, 
FAB have the three angles of one raapecrively equal to the three aisles 
of the other. 



11. If the four aides of a apherical quadrilateral be equal, the diagouala 
are perpendicular to each otiier, and they bisect its angles. Sack a figure ie 

12. If the four angles of a spherical quadrilateral be equal, the diagonals 

13. In two supplemental triangles ABC, A'B'C, the arcs^.4', BB', CC 
are perpendiculars to the corresponding sides of the two tiianglea, and the 
corresponding altitudes of the two triangles are supplemental. 

14. The poles of the small circle inscribed in a spherical triangle are also 
the poles of the small circle citcumseribed to its supplemental triangle, and 
the spherical radii of both circles are complementary. 

15. If two small circles on a sphere touch each other, the angle between 
their planes is equal to the sum or the diSerence of their spherical radii. 

16. The angle of intersection of a great circle and a small circle ia greater 
than the inclination of their planes. 

17. The length of a degree on a parallel of latitude is equal to the length 
of a degree of fiie equator multiplied by cos lat. 

For if r be the radius of the equator, and r' the radius of the parallel, 
then, degree ou parallel dirided by degree on equator = r'/r = cos lat. 
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22. A spherical triangle has six elements, namely, the three 
sides a, b, c, and the three angles A, B, C respectively oppo- 
site to them. The triangle is completely determined when any 
three of the six elements are given, as there exist relations 
between the given and the sought pariis by means of which the 
latter may be found. The object of this chapter is to establish 
these relations. Our formulae will be divided into three classes 
as follows : — The first class includes all formulae into which 
enter four elements of the triangle. The second those whidh 
contain five elements, and the third class the formulae into 
which enter all six. The formulae which we are going to 
investigate apply eqaally to "trihedral angles." The sides of 
the spheric^ triangle correspond to the plane angles, forming 
the trihedral, and the angles of the spherical triangle to the 
dihedral angles of the trihedral. 

SbCIION I. — FtKST ClASS. 

23. There are four Cases of the First Class :— 

I. Three Sides and an Angle. 
II. Two Sides and the Angle opposite to one of them. 
III. Two Sides and two Angles, one of which is contained 

by the sides. 
IV. Three Angles and a Side. 

Case I. — Three Sides and an Angle. 

24. Let ABC be a spherical triangle, the centre of the 
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'20 Connecting Sides and Angles of a Spherical Triangle. 

sphere. Join OA, OB, OC. From any point .D in OA draw 
in tie planes AOS, AOC, respectively, the lines B^, BF, at 
right angles to OA. Then (Ettc. XI., De£. ix.), the angle 
EBF is the inclination of the planes to each other, and there- 
fore {§ 8) is equal to the spherical aiigle-4. Join EF; then, 
from the plane triangles EOF, FDF, we have 

EF^ = OE^ + OF'' -lOE.OF cos EOF. 

EF^ = DE^ + BF^ - iBE. BF cos EBF. 
Hence 20E. OF.cobE0F=20B' + 2BF . BF .coaA; 



' OF' OE OF' OF' 
= cos h COS e 








Fig. 11 






This 


is the fundamental 


formula 


of Spherical Trigon 


ometry 


Byi 


Qterchanging letters 


we get 








cos i = cos e cos o + sin 


sin a cos B. 


(14) 




cos <! = COS B CO 


8 S + ein sin b cos C. 


(15) 



25. The formula (13) has heen proved only for the ease in 
which the arcs &, e arc less than ijuadratits, to show that they 




Fig. 12. 
e of them, c, is greater thai 



1 quadrant. Produce 
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First Class. 21 

BA, BC to meet in B'. Then, from the triangle B'AC, in 
which the sides B'A, A are less than quadrants, we have 
cos 5" (7 = cos SA cos AC + sin ^A sin A cos S'A C, 
or cos (tt - a) = cos (tt - (?) cfls i + sin (tt - c) sin S cos (ir - ^). 
Hence cos a = cos J cos c + sin S sin c cos A. 

If both h and c be greater than quadrants, produce AJB, AC to 
meet in A', and the proposition will ovidently hold for the tri- 
angle A'BC, and therefore for ABC. 

26. By subtracting equation (13) from the identity 
cos {5 - c) = cos i cos c + sin S sin c, 
we get cos(i-<;^-coso = ainJ8iiif(l--cos^). 

Hence, putting o + i + c = 2s, we get 



V sin i sin c 
Similarly, sin^_5= / sm (» - c) sin (_^_- 



and 



V sin a sin S 



(16) 
(") 
(18) 



27. By subtracting the identity 

cos {b + e) = cos i cos c - sin i 
from (13), we get 

cos a - cos (J + c) = sin i sin c (1 4 

Hence cos J .^ = /_ 

Similarly, cosi5= /_ 



^J^-a) 



M^--i) 



^^ / sin.sin(.-0 
V sm a sin i 



The radicals in the formulae (16)-{3]) have the poaitJTe sign ; 
Jor J^, f 5, J C are each less than 90°. 
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22 Connecting Sides and Angles of a Spherical Triangle. 
28. From (16) and (19), -we get 

\ sm 8 Bin 
In like 



tan^ S 



■\j sin s su 



0^io(^-'') 



tan i C = /^iMlz 
V sin* 

tan i A tan ^ 5 = 
tani^P tanf (7 = ' 
tan J C tan i .4 = 



«) 



-}) 






(22) 



(24) 
(25) 
(26) 
(27) 



where 



Maie use of coa ^ 



If. %wrs^ 



JC + cos(.i-J)cos'i(7. (29) 

DOs'J c = cos=i (» + b) Bin'i (7 + ooB« J (« - S) coa^ i C. (30) 

sic' J(7= flm>i (» + *) sin'iP + siii= J C " *) eo^'K- (3>) 

ainiJmnJJ dnj (7 = ^.^^^^^"^^^^^ , (32) 
«=^/8m.am(.-<.)siir(7: 



iii(,^.). 



(33) 



The function n is ao imporfamt in epherical trigonometry that it ia con- 
venient to hare a deGnite name for it. Peof. Siatsdt*, of the UniYersity 
oE Ebiahgen, calls 2n the sine of the trihedral angle 0- ABC {see fig., § 24). 
Hedbbrh Euggeats two other namea—l°. Th&Firet SdradfioB of the triangle. 



• Chbllb'b Journal, Band, j 



1. 265. 
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2°. The Norm of the tidei of tbe triangle; atld for the function JT (see { S3) 
he olao BuggestB (he names Second Slaadtiaa, or the !form of tit angUi of 
the IriangU. 

6. Prove coa J^ cos JJ ew J (7= -; — ".""'. . (34) 

7. „ tanJ^ianJStani(7=-;^. (35) 

NoTAHONB. — The arcs which join tbe verticcB of a triangle to the middle 
points of the opposite sidee are called medians, and are denoted by ma, im, ife, 
respectively. The arcs of great circles, which are drawn from tie vertices 
at right angles to the opposite aidea, are called the altitudea, and represented 
by ha, hi, h,. The arcs which bisect the interior angles, called the interior 
bisectors, are denoted by da, dt, dc ; and the bisectors of the exterior angles 
by da, di, dc. 

9. Prove in a spherimi parallelogiam that the sum of the cosines of the 
aidea is equal to four Ijmes tihe product of the cosines of the halves of the 
diagonals. 

10. Prove that the norm of the sides of a triangle is equal to the norm of 
the sides of any of its colunar tnEmgles. 

11. If ^.flPZl be a spherical quadrilateral ; and if 



tmd the arcs joining the middle points of /i, a' ; of *, h' ; and a, 
respectively, it is required to prove 



+ c 
J. Prove 


osJicosJJ 


iosa + c08a' + 4co 


siacosJ«', 



a. J.-. 


».,. (37) 


CO. J.' 
CO. IS' 


c«,,. (J8) 
...J. (39) 


.2{i» 

CO,},' 


.i.co.J.-oo,. 
cosy). (40) 
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2i Connecting Sides and Angles of a Spherical Triangle. 
H. Prove 

15. Given the base of a spherical trimigle and the aum of the coaines of 
the sides, find the loeus of the vettei. 

16. In a spherical q^uadrilatoal the arcs Joining the middle points of 
opposite sides, and the arc Joining the middle points of the diagonals, are 
conomrent. (NeUeErO.) 

17. If D be any point in the side BOoi a spherical triangle, prOTe Hist 

<x>3 J.D sin SO = cos AS sin. 2)0 + cos AC sin SD. (42) 

The theorem of tliis eieiciso may he ealled Stewajii's Theorem. It is 
a generalization of a liieorem due W that Geometer. — Segue? t^> Mucltd, 

18. ISABCbe an arc of a great circle, and ^.^' , BB', CC, arcs pec- 
pendiculac to any other great circle, prove that 

sin BC ain AA' + sin C.^ sin SB' + aia ^B sin OC = 0. (43) 

19. Prove B = J v'(l - eoB'a -coa'b- coh^c + 2 coh a cos 4 cos o). 

(44) 

20. If e be the diametral side of a diametral triangle, prove 

Case II. — Two Sides and the Angles opposite to them. 

39. TOe sines of the sides of a spherical triangle are proportional 
to the sines of their opposite angles. 

Dem. — From equations (16), (19) -we get, by multiplieation. 
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and the proposition is proved. 

Or this: — Let ASC be tlie triangle, the centre of the 
sphere. Prom any point J) in OA draw 1)6 perpendicular to 
the plane £00; and from G draw GE, OF at right angles to 
OB, OC. Join DE, J)F. H"ow sinee LG is perpendicular to 
the plane, and GE perpendicular to OB, a line through G 
parallel to OB would be perpendicular both to BG and GE, 




and therefore normal to the plane BGE. Hence the ! 
BEG is equal to the spherical angle J? (§ 8). In like n 
BFG is equal to C. Now BE sin BEG = BG = BF sin BFG ; 
therefore BE sm B ^ BF m.a C ; but BF = OiJ sin BOE=OB 
sine, mdBF= OBmi.BOF= OBeimi. Hence 
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26 Connecting Sides and Angles of a Spherical Triangle. 



ExEItCHBS.- 


IV. 






1. If a, J, IT be the Eidee of a spherical triangle 


o-, *■, c' the sides of its 




■:Ein4 


isinc'. 


(48) 


2, Pfoyc that sin j4 sin £ ain C = 


8ii= 




(49) 


3. Ptorethat 


aain'i 


"i^.- 


iaaHA + B] \ teli^{A-B) : : taa 


[B+* 


itanH"-*)- 


(50) 


i. Proye that 








tiiii^(^ + o) :tani(-i-o);; tan^(S + 6 


■.tani{B-h). 


(51) 


a. If th8 biaector J.J) of the angled o 


a spherical triangle divide the 


«deJ(7iiito the segments CD = i', BD=e' 


prove 
rsiD.;' 




(52) 


6. If the biaector of the eiterior ai^Ie, formed by praduoingJ-i through 


A, meet the base BC in S', and if Bi)' = «■ 


CD' = 


I", prove that 




8ioi;siiic::3ini' 
7. Prove that 


.sin.' 




(53) 


ooti^:cotiB:cotJ(7::sin(i-a 


:rin(. 


-S):siii (»-.). 


(54) 


8. If i) be any point in the side £C of a 


spherical triangle, 




Bin BJ) sin BAD 
sin CB sin (7^i) 


sine 
sin^' 




(55) 


Cbr.— If D be the midaie point. 








sin BAD sin J 


gJni 






sin CAD sin (7 


iki^' 




(56) 



9. Prove that sin b sin *„ = sin J sin At = sin c ain h, = 2n. (67) 

10. Given the base of a spherical triangle and the norm of the aides, 
prove that the locus of the vertex ia a small circle. 

11. If Hi{ — Bio, prove that either i = r;, or 

12. If a great circle touch tno small circles, whose Gpherical radii are 
P, p', and distance between their polea = S, and if t denote the arc between 
the points of contact, prove 



'•i>- 



fjlr-r'i 



m 
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First Class. 27 

13. If AD be the median, prove 

eot ASB = - ^^"''^J'*"-^ . ^ , (69) 

14. Prove that 

cot(m,%)^ec^fl + oot(«i^*)BeoiJ■^cot(«,,^^seo5o = 0. (60) 

Case III. — Two Sides and two Angles, one of wMcli is 
contained by the Sides. 



30. If we multiply equation (15) by coa b, and substitute the 
result in (13), -we get 

na emh cos i cos C + sin b sin c cos A. 



COB H = COB o 



Hence, transposing cos a cos' 
and dividing by sine aini, ve 



, aubstituting ain'i for 1 - cos'i 



and substituting, 
we get cot 



b = cot A smC -i 



cos C cos b. 



(61) 



This important formula may be enunciated as foUo'ws, calling 
rt the first side, and b the second : — Th eat of the first, ly the 
mne of the second, is equal to the cot of the angle opposite to the 
first, iy the sine of the eontained angle, plus the eoa of the contained 
angle, by the cos of the second side. 

By interchanging letters in (61), we get 



cot a sin c = cot A t 
cot S sin « = cot -B i 
cot i ain c = cot £ t 
cot c Bin = cot C i 
cot e sin i = cot C I 



n5 + cos.fl cos e. 



(63) 
(63) 
(64) 
(65) 
(66) 
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28 Connecting Sides and Angles of a Spherical Triangle. 



1. If D beany point of the aide 5(7, prove that 

(■tAABsiaI>AC+a>iAOi\si.DAB^ixi\,ADmM.BAC. (67) 

2. cat ABO maSC-Viot ACS. tiaBD = vi:A ABB. AaBC. (68) 
To prove 1, we have (Art. 29), 

cot cBmAl>=catDm.uB + amB.<i03AD, 
cot i sin -ii) = - cot fl sin 7 + eoa 7 cos AD. Eliminfite oot J) , . . 
To prove 2, we havo 

cot^Z'BiQm=cotBsinJ) + cos -Doosai, 

cot^flsinn =cot(?Bini)-oosi)c03«. Eliminate cot ^2) .. . 



3. If we describe a great circle B'D'C, with A as polar, equaUoa (67) 
tan DD'. sin 5'C" = tan BB\ sin J)'C" + tan CC\ ain B'D\ (69) 
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8. „ oa-s" fXAd, + cos- cot d{+ COS - cotrfj = cot a + cot S + cote. 

(741 

9. „ sin^ cot rf„' + Eiii| cotes' + Bm| cot rf,' = 0. (75) 

10. „ coa'ra- c<ia5i = 2M(coencot J - coe i cot B). (76) 

Case IV. — Three Angles and a Side. 

31. Multiply (61) by am a, and (63) by sin S cos e ; then 

cos a sin S = sia a cot j4 sin C + sin a cos S cos C, 
and 

sin (t cos i cos C = sin S cot £ sin ^003 0+ cos a sin } cos' C 

Hence, by substitutioa and reduction, we get 

cos fl sin S sin C = sin « cot -4 + ain ft cos B cos C. 

Substitute in this expresBion for sin u cot .4 its equal 



reduce, and we get 

cos^ = - cos 5 cos C + 6in.ff sin C cos a. (77) 

Or thus: — LeiA'£'C'he the triangle supplemental to ABC ; 
then we have, equation (13), 

cos a' = cos h' cos c" + sin ft' sin ^ cos A' ; 
but a' = JT-^, ft'-ir-S, &e. (Art. 15). 

Hence, substituting, we get 

coe-4 =-cosficosC+8in5 sin Ccoso. 
ers in (77), we get 
cos £ = - cos C COB ^ + Bin C sin ^ cos i. (78) 

cos C - - oos ^ cos 5 + sin ^ sin B cos c. (79) 
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30 Connecting Sides and Angles of a Spherical 
32. If -we add (77) to the ideatity 

cos {B+C) = co8^ cosC- Bm5 sin C, 
we get 

Bin 5 sin C(l - cos a) = - {eosA + cob(£+ C)]. 
Hence (Def. xv,), 21: denoting the spherical excess; that is, 
A + B+O-TT, we get 



' V Bin -5 siu C 
In like manner, 



V .in. 



.mii-J '-f^g'^--^) . (81) 



ni< 






^JSi?.!.:?) 



33. If we add (77) to the identity 

COS (5 - C) = eoa -B cos C + wn 5 sin C), 
we get 8inBeinC(I ^f coaa) = cos^ + cos(5- C). 

H'-". ««a4.. |. in(i>-.B )d.(C-T) (,,) 

' V ainfisinC ^ 

In like manner, 

00.' S. |™I»1*TS;(3^«) (84) 

'V ain C ain ^ ' ^ ' 



| an(.i^j;).in(Z)-J^ ) 
"V sin^aini 



*'-. r°^r-:r^'" '- w 



34. From (80) and (1 



tan^i 



^=J= 



^(^i::^^ 



n[5-£')Bin(C-.£') 
From (81) and (84) we get 

. , , J Bin -E sin (5 -.E) 
'"'*'-Jj( C-^)ain(^-^) - 
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From (82) and (86) we get 

Cor. 1, — taiii».taEi5 = sin -E"^ sin (C- £■). 



tan i S . taa J .! = sin J? -^ sin (^ - -E) . 


(SO) 


tan i c . tan J« = sin J' ^ sin (-B - -B). 


(91) 


Cor. 2.— taa J a . cot ^ J = sin (^ ^ £) ^ sin (5 - ^), 


(82) 


tani5.ootJe-.in(-B^S)-;siii(C^£). 


(93) 


tanic.cotJfl = Biii(C-^)^sin(^-_E'). 


(94) 


Cor. 3.— 




niartanii;tanjc;; sin (^--E) : sin(-B-J?): sin 


(C-i-) 




(95) 


E5EKCISE9.— YI. 





whore JV = V 


infieinl-i-iijfliiil^ 


£)sin(C-£). (98) 


A^iecaUedtlieffm« 


of tlie angles of the triar^le. See note, J 28, Ei. 5 


3. ProTBthat c 


«^fl.oa^*«.3j.= 


^ fDOl 




4. „ t^J^ta 


nptanS. = ?i^. 


(100) 




aiv- . . 


2iV . „ 2*^ 


(101) 
The vslae A" = ^ sin 5 ain C sin o, and the coiTeaponding value of m, via 



J ain * sin c Bin A, have a remarhaUe analogy to the equation S = 
in. plane trigonometry for the mea of e triangle. 
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32 Connecting Sides and Angles of a Spherical Triangle. 

7. ProTe 2JV=Em^EinAo = Ein5sm^6 = Bm Cianh,. (103) 

8. ,, in a right-angled spherical triangle, taring the angle C right, 

. , _ j dn2.g \ 

9. „ in a diametral triangle, having c as the diametral aide. 







(104) 




'"*" >/ ain^eini ' ™'*" Vcot^«otJi. 


SI 


iiio=V-cotScot(7, eoaJo=v'-coseo-Bco 


IC. (105) 


10. ItAJDI 


)e the bisector of the angle A, prove that 






cos S + cos (7= 2 Bin y sin. ADS cos AH. 


(106) 




cos (^ ^ COS.B = 2 COB y OOB^iJB. 


(107) 



11. What are the formuhie analogous to (106), (107), for the bisector of 
the estemal angle P 

Scholium. — In order to pass from a triangle to its polar, it is 
useful to remark that we replace 

■a,h,e, i, A,B, C, s^a, «-S, s-c, A-S,B-E, C^E, » 

by TT-A', TS-B', ir-C, -JT-E', it -a', -ir-b', ir-i/, 

A'-E, S-E', C'-E', s'-a!, s'-b', i'-^ N. 
In this manner we could infer the formnlae of §§ 32, 33 from 
tliose of §§ 26, 26. 

Skciion II. — First Class {continued). 

35. The Eight-ai^led Triangle. 

The propositions in §§ 24-34 connecting four of the six 
elements of a spherical triangle assume, in the ease of the right- 
angled triangle, a simpler form when one of the four elements 
is the right angle, some of the terms vanishing, viz., those con- 
taining the cosine or the cotangent of the right angle. These 
modified formulae are obtained as follows, making the angle 
right in each : — 
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Fird Class. 




a 


Froiu the equation 






i^-s^fs^")'"^" 


,inA.'~-. 


(108) 


From the equation 






cot c sin i = cot C sin ^ + cos 


4 cosi? (§ 30), 




, tan i 

eget cos^ = - . 

tani; 




(109) 


Prom the equation 






cota sin * = cot^ sin C + cos 


CcosJ (gSO), 




tano 
c get tan ^ s -^— -. 




(110) 


From the equation 






coBS = -cosCcos^ + sinCs 


in ^ cos* (§31 


). 


•«"' ■"-^-^- 




(Ill) 


From the equation 






cosC=-cos^ cosS + sin^sii 


liicoso (§S1) 




e get cos c = cot ji cot -5 




(112) 


Prom the equation 






eo8c = cosacosS + siii«smS 


CO. e (1 24), 




eget cos c = cos a cos i. 




(113) 



36. The formulae (108)-(113) may he proved geometrically 
as follows ;— Let ABO he the triangle, C the right angle, 
the centre of the sphere. From any point D in OA erect DF 
at right angles to OA, meeting OC in i^, and draw FE at right 
angles to OC. Join BF. Then FE is perpendicular to FB, 
because the plane BOO is perpendicular to^ OC. Hence 

I)E^ = I)F^ + FE^= OF'-OJy^ OF''- OF'=OE'- OH*; 

therefore the angle ODE is right. 
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34 Connecting Sides and Angles of a Spherical Triangle. 
FS FE ED ^, _ 

FB _ FJ) ED 
0D~EB~0S'' 

EF _EF_ FB 

" ~0F "fH'W'' 

OB^_OD 0F_ 
". OE' OF' OE' " 



sin ^ sin r. 


(108') 


coa^ ,tane. 


(109') 


tan^.sinJ. 


(UO') 


COS. cos S. 


(113') 




Multiply together (UO') and the formula obtained by inter- 
changing letters, and we get 



Lastly, multiply 



-. = tan A tan B. 

;oso 

= cot A cot B. 



(108') and the formula got from 
of letters ; then 



a eoH B iajie = tan a 



37. The equations (108)-(111) arc easily remembered by 
comparing them with the corresponding equations for the 
right-angled plane triangle. Thus — 
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First Class. 
Plane Trianglu. Spberical Triaagle. 



C0SA = - 



wsA = -- 



I£ ia these fommlac we interchange the letters A, B, and at 
the same time the small letters a, h. wo get four others, which, 
however, may he regarded as not essentially different. The 
formula (113) has a temartable analogy to Euo. I, xlth. The 
formula (1 12) has no analogue in Plane Trigonometry. 

38. Napier's Mnemonic Rules. — If as in the annexed 
diagram we trace in a plane a pentagon, whose sides have 
respectively the same numerical measures as the quantities 



e obtain a closed figure representing the system of five quanti- 




ties called Wapier's Circular Parti. Any one of the five may 
he selected, and called the middle part, then the two next to it 
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36 Connecting Sides and Angles of a Spherical Triangle. 
are called the a^'aemt parts, and the remaining parts the oppo- 
mtm. Thus, if a ho selected as the middle part - - B, and 
b are the adjacents, and ^ - «i and - - ^ the opposites ; tlien 
Napier's rules are »in middle part = product of tangents of ad- 
jacents = product of cosines of opposites. These rules will be 
evident from equation (138)-(H3). Though given in most 
treatises on Spherical Trigonometry, tiiey are disapproved of 
by some of the ablest writers — Belambre, De Morgan, Serret, 
Baltzer, and others. We have found by experience that the 
formulae are easily remembered by the method of § 87, which 
we recommend to the student. 

ExEacisES.— VII. 
On the right-angled triangle, £i. 1-20. 
1. Proyetliateiii=.il + flin'*-am'c = sin'Bain'i, 




in(fl + 4)tanH-i+-B) = 8m(o-*)eoti(^- 
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First Class. 37 

17. Prove liat sm=| = siii^| 003=^ + eos^^ ein^^. (130) 

18. „ dn(fl^i) = sm«to„^-sia*to|. (131) 

19. „ Ein[c- b) = ain (J + c) tim^ -, (132) 

20. „ sm(c-«) = cosasinf t8nJ5. (133) 

2 1 . Prore that in am equilateral apherieal triangle 

2sin^4 = weifl. (134) 

22. If the opposite angles A, C oi a spherical quadrilateral ABCB be 
right, and if the sides AJ>, BC produced meet in K'. proye 

UsiAE.ia^DE = ta:aBE.tm.CE. (135) 

23. If the internal and external hisectore of the angle .^ of a spherical 
triangle meet the base in D, Jf, prove 

cot-DJ)' = ^lLiJ^Jl. . (136) 

24. Given the base of a spherical triangle, and lie sum of the base angles, 
prove that the external bisector of the vertical angle passes through a given. 

25. If CC be the median from the right angle of a right-angled triangle, 
prove that 

l.(2m'-mC(!-y. (137) 

on the hypo- 




(13«) 
(13»1 
(IM) 
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38 Connecting Sides and Angles of a Spherical Triangle. 
5°, em'y = Bma' sini'. 6'. sin p ein « = sin b sin *. (U2) 

7'. t(mBtanS = tan<!Bmi.. 8'. taTi=ffl + tac'* = tan'ccoaV (W*) 
9°. cot-^ : oot^:; sina': Bin*'. (145) 

35. liMA\ MB', MC 1)e the perpendiculars let fall from a point Jf on 
Ihesidesof the triangle^B(7; then 

cos AB: cos BC: cob CA' = coa J'B . cos B'C . cos C'A. (Steineb) 
(1*6) 

36. If the triftnglea ABC, 0187 he such that perpendiculars let fall from 
A, B, C on the sides of n, fl, 7 be concurrent, the perpendiculars from 
a, S, 7 on the sides of ASO are concurrent. 

37-40. If AD be the altitude of the triangle ABC, proTe— 

r. cosJ?i»:co3CJ)::c03£.J :cos(74. (U7) 

2'. sin 3D : Bin GD:: eotB -.cote. (U8) 

3°. tan SI) : tan CO : : taaBAB : tan CAD. (149) 

4°. cosS^D: eosC^D ; :tan.BJ : tan(7^. (150) 

41. If the base BPbe fixed, and the ratio of the coainea of the aidea con- 
stant, the loeue of .4 is a great circle perpendicular to BC. 

42. If the angle A be fixed, and the ratio tan i : tan c constant, the side 
£(7 passes through a fixed point, 

43. If the base BC be fised, and tlie ratio tan 5 : tan C eonrtant, the 
locus of ^ is a great circle. 

t*. If the angle A be fixed, and the ratio cos B : cos (T conatant, the aide 
BC passea through a fixed point. 

39. Qnadrantal Triaiig;les. 

Tte triangle supplemental to a right-angled triangle has 
one side a quadiaait, and is called a quadrantal triangle. The 
formulae pertaining to sueli triangles are obtained from the 
equations (I08)-(n3) by the substitutions of the Scholium 
(Art. 33). They are as follows, c being the quadrantal side : — 



3ina = eiii^ ^ sin C. 


(151) 


coso = -taii£^taiiC. 


(152) 


ano = ten^^sm^. 


(153) 


sin a = COS i -f cos £. 


(154) 


EosC--coto.eot*. 


(156) 


mtC.-mA.mB. 


(156) 
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Second Class. 39 

By interchanging the letters a, b, and at the same time the 
letters^, S ia the formulae (151)-(154), we get four others, 
which, however, may he regarded as not dtfforing essentially 
from those given. 

SEriiON III. — Seconii Class. 

Fonuolae containing Five Elements. 

40. NAPiEa'a Analoqibs. — If we multiply the identity 

i wj n\ tani-4+tani5 , . ,^ 
tan J (-i + 5) = - — , , , ^ — Td by tan J C, 
1 - tan^^.taiii.B 

and substitute for tun i A . taxi ^ C, &c., their values, from 
g 28, Cor., we get 

n(s-h) + wi{s -e)_ c oBija-i) 



TWrrr 

Similarly, tan i (^ - 5) = ?5Hljiz|^ cot i C. (158) 

Ci^. 1. — ^If in the expression for taaJ(^ + 2') we change 
cos to sin, we get the expression for tan ^(A - B). 
41. Again, we have 

taoi ^ B cot i c + tan J i cot i e 



taiii(o+i)eot Jc= - 



1 - tan ^ a tan J b 



and euhstituting for tan^o cot^tf, &c., their values from § 34, 

Vom. 1, 2, we get 

, ,. ,, ,. sin(.^-.g) + sin(g-.g) cosi(^-B) 

taiiA(a + e)cotic = — . , -. .j t — ^ — s — = .-yj — it^- 

'^ ' ' siii(C--ff)-8m.E cosi(^ + j5) 



>sH^+-5) 



(160) 
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40 Connecting Sides and Angles of a Spherical Triangle. 

Cor. — If we change cos to min the expression for taii^(o-i) 
we get that for tan J (« + i). 

The theorems contained in the equations (157)-(160) may be 
expressed as proportions, and are called Kapier's Anaiogibs, 
after their discoTcrer. It may be remarked that the last pair 
can be got from the first by means of tte polar triangle ; also 
that the second and fourth may be inferred from the first and 
third by multiplying them respectively by the equation 

tani.(^-.S) _ taii^(a-a) 

taiii(A + B)~ tmi{a + b)' 
Several proofs of these important theorems are known, but the 
foregoing are probably the simplest. 

ExEECiSEs. — TI II , 

1. Show that eoa B sin i = sin o coa S cos C + 003 ^ ain c. (161) 
Multiply equation (61) by sin o, and replace sin « cot A sin C by coa A 

2. ProTethat sin (7 cos = coa ^ sin 5 + sin ^ ooa S toa (7. (162) 

Section IV. — Third Class. 
Formulae coutaiiiiiig Six Elements. 

48. Delambee's Anslooies. — 1°. To prove 
smUA + £) ^ cos^(g-i) 
cosjt cos Jo • 

J>EK.—mii(A + £) = sinJ^cosiS + cosiJ sinifi; 
and substituting for sin iA, cos ^A, &o., their values from 



1, 27, we get 



(g-i)4sip(g-a) ) sin^.3in( ^-g) 
sin t \ su. 



smiiA + n) 

Hence 

mLiiA + £) _ 5in(^-i) + sin(s-a) _ cosK«-S) 



.siC 



(163) 
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Third Clfm. 


4 


I like manner v 


!c get the three Mlowing equationi 




2°. 


dnlU-S) .inK.-J) 
oo.SC - .ini. ■ 


(164) 


S°. 




(165) 


4". 


co,i{A-II) .;nJ(. + S) 


(166) 



Prom any one of these formulae the others may be obtained by 
the following rule : — Change the sign of the letter B {large or 
small) on one side of the equation, and write sin /of eoa and am for 
sin on the other. 

Cor.— Napier's analogies may be inferred from Delambrc's by 
division. 

D lamb anal gi w di^uo d hy lu.ni nil publisiicil 

mthCw r^ifSOp Th ubaeiuently 

liSLO red md pend n y by G b» antl p bh li d n his Theoria motui 
u es am n bis b Both systeiaa 

ma be pro ed g m ncally h gh n o dire tly aa b he method in 
Jj 43 Th geom n proo h n gm y gi byDelambre. 
It waa rediscovered by Prof esaOT Crofton, F.R.8., lo 1869, and published in 
the Proceedings of the London Mathematical Society, Vol. III. 

43. Reihi's Abalogies. — From Belambre's analogies wc get 

by an easy transformation four others, due to Keidt. See his 

Sammlung von Aiifgahen der 7\-igonometrie, Seite 233. These 

may be used in the Bolution of triangles. Formulae nearly 

identical with them are given in Sereet's T^rigonometry, p. 156. 
From (163) we get 

-coa^C CQB^(it^i)-sinf(^ + -g) 



oos4<! + cosiC ms^ia-l) + A-a^{A+JBy 
Now, put ^+ii! = 4s', A- a = id', 

B + b = 4^", B-h = Ad", 
C + = 4»"', C-c = W", 
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42 Connecting Sides and Angles of a Spherical Triangle. 

and we get 

tans'" tan i"' = tan |45°- (s" + (f')} tan |45''-(«' + rf")]. 

(167) 
Similarly, from equations (164)-(166), we get 

tan (45° + d'") cot (45° + s"') = cot (s' - s") tan(<;' - d"). 

(168) 
taji (45° + «'") tan(45'' + d'") = cot {s' + s") KOt {d' + d"). 

(169) 
cot a'" tan d'" = tan 1 45° - {s" - <i') | tan {45° -• («' -d")\. 

(170) 

44. From the formulae (167)-(170) we get, by an obvious 
method, 

tan' (45° - «'") = cot (»' - s") tan («' + t") tan {d' - d") tan {d' + d"). 

(171) 
tan' [45° - <;"')=tan (s' - »") tan («' + s") cot (rf' - <?') tan (tf + d"). 

(172) 
tan' «'" = tan {46° - («" + d') j tan 1 45"+ (»" - <?') j 

tan(45°-(*'+^")|tanf45° + (*'-,i"))- (1^3) 
tan'r' = tan|45°-(*"+(i')l tan (45° -(s"- .Z')| 

tan|45°-(s'+rf")|tan!45°~(a'-r)]. (174) 

46. If in the original triangle a, h, B retain their values, and 
the angle .4 change inton--^, the formulae (171), (172) are 
replaced by the following :— 

tan' s'" = tan (#' - s") tan (s' + «") tan [d" - d") cot {d' + if'). 

(175) 
tan' d'" = tan {»' - e") cot («' + s") tan {d' - d") tan {d' + d"). 

(176) 
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Third Glass. 43 

46. Other Applications of Delambre's Fortntilae. 

From the 3rd and 4th of Delambre's analogies, we haye 
I e\ A + B . I c\ A-B 



:[90°-^' -- -'- '^V 



K»»-0 



From the first of these equatioas, we get 
( c\ c A + B 



or cot - cot — - = cot ^.E tan i ( C - .B) ; (177) 

and from the second, 



)r tan- cot— - = eotJ(^-£') noi^iB-E). (178) 

Henoe, by division, and extracting the sq^uaie root, we have 



(179) 
By mnltiplying (177) and 178), we got 

tan '-— = ■/ta.-a^ E .ia:ni{A- E)ixa^i{B- E) (ioi^{C - E). 

(180) 
These simple and elegant proofs are dne to Proahet. See 
Nbitvelles Annalee, 1856, p. 91. 
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44 Connecting Sides and Angles of a Spherical Triangle. 

47. If we put 

L = ,/tan i EAim i"(Z"- ^) tan ^ (£ - ^} tan ^ ( C - ^), 
(181) 
equation (179) may be written 

cot^= =, (182) 

and equation (180) may be written 



2 tan^(C-£)' 
From (183) we get, intercbanging letters. 



(184) 
(185) 



48, If we multiply the four equations {]82)-(185) we get 

i = v^cot^s.tan^(s-fl) tan J(a-i)tanJ(»-c); 

(186) 
and substituting this value ia (182), we get 



tani^= ■/'tan^s. tani [s - 



a) tsji I {s-b) tan I {s-e). 
(187) 



Thia beautiiul theorem is due to Simon Lhuilier of Geneva 
After bim I propose to call the function L the LTiathertan of 
the triangle It will be seen that on account of its double 
^alue, VIZ those given m (181) and (186) it will give the 
solution of a spherical triangle tither when the three aides or 
the three angles are given, that the same syitem of equations 
solve'; both c^se*!, and that in eich ease the solution is self 
vtrifying 
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Third Class. 
Exercises, — IX. 



ysBtosC COS B 
tenPco8» + 



M*sina-c 



ton B sin i + i!OB i CQ9 P 
sine 



The Exercises 3-11 are due to Barbier. Sea Noavelles Amiales for IS 
p. 349. The following is an outline of the method of proof; — 

ABC, A'B'C are two supplemental triangles. 
To prove 3^ — A'AI is peijendicular to SC. 
Hence ooa c = eot B uot fl, cos i = cot (7 cot 7, A '^ B + y; 

.-, tBa.4 = tanS + taii7+taii.^tanptan7, &c. 
To prOTB 1— Compare HK in the triangles ASK, ASK. 

„ 6— Apply the formula (61) to the triangles A'SS, AKE. 
„ 6— Compare i)Ciu the triangles iJCE, DBC. 
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46 Connecting Sides and Angles of a Spherical Triangle. 



XaaGAG.U-a. 



To proTe 8— tan GAB = 

„ 10— The sa^leeAFC, AFK, are tomplementaiy, &c. 




The Eieroises 4, 7, 9, il are inferred from 3, 6, 8, 10 bj' tho propertiea of 
Bupplejnental triangles. 

12. In a cigM-angled triangle, prove Bin c = — . (1^9) 

13. If the Bides of a spherical quadrilateral be a, j3, y, S, and the diago- 
nals 3 and f, prove that 



«)B(2^)=(< 


«soc. 


MT-' 


co9,Se< 


IS B) cos 


BC2.CC 


.seep. 


(200) 


14. Prove that 
















cos {.y) ^ (c 


.OS c 


oaS-. 


josS. 


cos^jct 


,seea.< 


■oseoy. 


(201) 


15. Prove that 

















009 (B») = (COB o COS 7 - COS Z COS p) eoseeB cosec B. (202) 
16. Prove that the angle between the bisector of the angle C of a spherical 
triangle -iB(7 and the perpendicular from Con^£ 



(cDs'.^ - coa^S) 4 (eota <xisA- cot* cos B) = ■2^'. (204) 
sin ^ sin a sin C sin « sin J sin c = inN. (205) 

J\'= 2m' V sin n sin * ain (. (206) 
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21. Prore that the ainea of the perpendiculaia from (he orthocentre oa 
the sides of a sphcriEal triangle »re proportional to tie secants of the oppo- 

22. If the base SO of a apherical triai^le be given in position and magai- 
hide, and the sum of the sides AS, AC be given in magnitude, prove tliat 
the locua of the intersection of the bisector of tie external vertical with a 
great circle perpendicular to AB at if is a great circle. 



m„iA eo.}. 

■,„iI.mHA-l!) .mi(.-t)m.t(.- 

.,}(-ii- -ei »i-ilc-8) ■iii«- 



■mUC-J) «ni...mi(.-.) 



miA ,1«J. 

B^il}>-B)mi[i;-1!) .o.t|.-H.iiiSC-*l 

'■ ^.TP - i^JF 

These analogies are all inferences from Delanibre's. For example, 1' 
obtained by subtracting both sides of the equation 

cos 1 1-B + C) cos t (* + «) , 
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CHAPTER III. 

SOLUTION Q¥ SPHERICAL TRIANGLES. 

49. Frelimmary Observations. 

1". The logarithms of trigonometrieai functions are obtained 
from their " Tiihular Logarithms" hy subtracting 10 from the 
characteristics. For example, 

log tan 37° 40' 16" = 1 . 8876649. 

The aUeet recent continental writers, suet oa Sbhbei, Bbiot, etBopQDEi, 
and others, employ tte logaritlunB thus reduced, instead of the Tabular 
togarithms. We may add that the late Prof. Boole was strongly in 
favour of tliia alteration. 

2°. It is necessary to avoid the calculation of very small 
angles by their cosines, or of angles near 90° by their sines, for 
their tabular differences vary too slowly. It is better to deter- 
mine such angles, for example, by means of their tangentfl, 

3°. When angles greater than 90° occur in calculation, we 
replace them by their supplements, and if the functions of 



sucli angles he either 


cos, see, tan or eot, we talie account of the 


change of sign. 




4°. Formulae not adapted to logarithmic computation can be 


rendered so by means 


of an auxiliary angle. Thus : — 


(a) For ^ CO. 


sa + Ssina we put A = Btm<t,, 


which gives 


-5^i^C*+°) foi6) 


cos (6 ' \-^'°) 


(i) For A COS 


,a + £ we put B = Awia tan <^, 


which gives 


-*oo.(. «, («') 
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The Rigkt-angUd Triangle. 49 

SflCTioN I. — The Eienr iwoLED Teiansxe 
50- The solution of right ansled Kphencal triangles presents 
six distinct cases, which correspond to and are solved hy the 
six equations (108)-(113) of § 35 For their diat-nssions the 
following remarks are useful — 1° The thee sides of a »j>Jieitcal 
triangle (omitting triangles hirectattgular or tnrectangular), are 
either all aeute, or else one is acute and the other two oUme. 
This follows from the equation cos c = cos o cos I. 1°. Either 
of the sides containing the right angle is of the same species as the 
opposite angle. This can be inferred from the equation 
COS A = cos a sin S. 
It will he a useful exercise for the student to prove these 
propositions geometrically, 

51. FiBST Case. — Seing given e and a, to calculate h, A, B. 
The required parte are given hy the formulae 

cosJ= -^, equation (113). (218) 



nA= - 



(108). 



(219) 






(109). 



(220) 



The formula (219) gives two supplementary values of sin .4, 
hut the amhiguity is removed by considering that A must be of 
the same species as a. 

From the equations (218)-{220) we get, by obvious trans- 
formations, the three following : — 



tan i J = + y tani (c + «) tan J (c ■ 



«). (221) 
(222) 
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50 Solution qf Spherical Triangles. 

The equation (221) proves that if J (e + a) be greater than 
90°, c is less than a, for the product of the quantities under 
the radical must be +. The sign is + or - in (222), according 
aa a ia less oi greater than 90°. K the given parts e and a be 
each 90°, the angle A is 90°, and b is indeterminate. It is also 
evident, from the formulae (218)-(220), that c must lie between 
a and tt - a, in. order that the values of cos h, cos S, and sin A 
may be numerically less than unity. 



Example — 










Given . = 


37° 40' 20", a -- 


= 37' 


= 40' 12": 


; find b, A, B. 




Type of the Calculation. 




c-i-a = 15' 


' 20' 32", 




i(e + a) 


= 37° 40' 16". 


c--a= 


8, 




iio-a) 


= 004. 


/ tan ^ {» + 


a) = 1-8876649, 




lBm(o + 


a) = 1-9856805, 


I tan ^ (c - 


a) = 5-2876348 




Uinic^ 


o) = 5-5886648; 


.-. aanjS = 


3'5876498. .-. 


;tanC45 + i 


A) = 2-3000150, 








I tan^.B= 3'801S172. 


Hence i = 0= 


'26'37"-2, A = 


:89° 


25' 37", 


B=0°43'33". 




EXEECISES. 


~X. 




1. Given 


( = 63° 66- 43", 


» = 


120" 10' { 


)■■; finds, j1, 5. 


2. 


^ = 54 20 0, 


a = 


36 27 ( 


'; 


3. 


c = 87 11 39-8, 


a = 


86 40 ( 


); 



52. Second Clse.— Being giwn c, A, to calculate a, b, B. 

The unknown paits are fouB.d thus : — 

sin a = sin c sin A, equation (108). (224) 

tan J = tan c cos ^, „ (109). (225) 

cot .5= cos c tan ^, „ (112). (226) 
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The Right-angkd Tnangle. 51 

Ttie ambiguity in fLnding a by its eine ia removed in § 51. If 
a be -very near 90°, we commence by calculating the valuea o£ 
b and B, aad then determine a hy either oi the formulae 

tan « = sin J tan A. (227) 

tan a = tan c cos B. (228) 

Example — 
Given c = 81° 29' 32", A = 32° 28' 17" ; find a, h, B. 

Type of tJw Calculation, 
e = 81° 29' 32", ^ = 32° 28' 17". 

i Bin t! = f-9951945 I t&n e = "8250982 

?sin-i= 1-7278843 /cos^= 1-9269687 

/ sin o ^ 1-7230788 ; Uan J = -7520669 ; 
.-. a = 31° 54' 25". .-. i = 79° 51' 48"-65. 

I cose = i-1700960 

ltsM.A= 1.8009157 

UotB = 3-9710117; 
.-. 5 = 84° 39'2I"-33. 

ExEECisES. — XI. 

1. Given c= 69' 25' 11", j: = 54" 64' 42"; find a, *, B. 
•I. „ c = ll2 48 0, A = 5e 11 5G: „ „ 

3. ,, t= 46 40 12, ^ = 37 46 9; „ 

63. Thied CkSE.— Being giiwii a, h, to find A, B, c. 

The formulae are — 

tan^ =tana -^ sin i, equation (110). (229) 

tan S = tan S ^ sin rt, „ (HO). (230) 

cose =cosacosS, „ (113). (231) 
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63 



Solution of Spherical Triangles. 



If tte side c be very small, instead of the formulae (231), 
we may determine it by means of either of the following 
equations — 

tan c = tan J -^cos^ = tana t cos-B, (232) 

A, B having been calculated from the formulae (229), (230). 





EXEHCISES 


—XII. 








i. Given 


a =120' 10' 0' 


* = 


150° 59' 


44"; find 


A 


B,c. 


2. 


a= 36 27 0, 


S = 


43 32 


31; 






3. 


»= 86 40 0, 


S = 


32 41} 


0; 






M- FoTiETH Cast..— £einff given 


0, A, to find c, b 


B 




In this ca 


80 we have 














sin c = sin -^ 


sin^, 


equation (108). 




(233) 




sin S = tan a - 


tan^. 




(HO). 




(234) 




sini'= eos^- 


cos a. 




(111). 




(235) 



Since each of the sought parts is found by its sine, there will 
be on the whole six solutions, the formulae (233)-(235) giving 
two values for each of the sought parts c, i, B, The parts 
a, A must he of the same species (see § 50). Also sin a 
must he less than sin A {A is comprised between a and 90), 
and the formula (233) gives two admissible values of c, say e, 
and 180 - c, ; the formula (234) gives two values of b, Jj and 
180 — b,, one of which goes with c,, and the other with 180 - e, ; 
for the three sides a, h, e are all acute, or one alone ia acute ; the 
formula (235) gives two values of B, of which one goes with b,, 
and the other with 180 -ij [b and B are of the same species). 
If the sought parts are badly detprmined by the equations 
(233)-(235), which happens when they are near 90°, the pre- 
ceding formulae may be written as foUows (see Hotatjon, 
§43):- 
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T/ie Sight-angled Triangle. 53 

tan (45° + 5 6) = t /-!" ''^,. (237) 

Each of the radicals on. the right-hand side must have the 
double sign. 

Exercises. — XIII . 
i. Giyen a = M" 6' 13", A = W T *1"; find c, 6, B. 
3. „ = 87 12 28, ,4 = 87 51 37; ,, „ 

55. FiTTH Case. — Being gieen a, B, to find h, A, c. 

The following equations give the required parts — 

tanS =8iiiataii_B, equation (110). (239) 

COB ,4 = cos o sin S, „ (111). (340) 

tan « = tan a ^ cos B ,, (109). (241) 

If .4 be small instead of the equation (240), the following may 
be used — 



tan^ = ^-Y, equation (110). 


(2 


Exercises,— XIV. 




= 92" 47' 32", 5 = 60' 2' 1"; 


find *, A, 


= 96 49 59, ,2 = 50 12 4; 





56. Sixth Case. — Being given A, B, to find a, h, c. 

Here wo have 

cos a= cos^ -^ 3iii5, equation (111). (243) 

coBi=cosB^6in^, „ (111). (244) 

cos (T = cot .^. cot 5, „ (112). (245) 
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taii^a = 




tsnih: 


_^ 1 tan-fi" 
VtaE {A - E) 


Unic-- 


-h 





54 Soluiion of Spherical Triangles. 

If these formulae lie not well adapted for tte arithmeticEil 
calculation, ■whicli happens when the sought parts are small, 
we use the following — 

(246) 
(247) 
(248) 



Exercises.' — XV. 

1. Given .^ = 63° 15' 12", 5 = 163" 33' 39"; find o i, e. 

2. ,, A = i6 59 42, B= 57 59 17; „ „ 

3. „ A = 42, 24 9, 5= 99 4 II; ,, ,, 

57. The triangle supplemental to a right-angled triangle is a 
quidnjital spherical triangle, that is, a triangle one of whose 
sidet. IS a quadrant. The solution can he inferred from the 
equations of g 39. Other triangles besides the quadrantal can 
be leiluced to the rectaagular. 1°. Isosceles triangles, for the 
median that bisects the base is perpendicular to it. 2°. Triangles 
m which o + 4 = JT, or >4 + -S = T, for the colunar triangle 
£'A C is isosceles. 

Section II.-~-OBij:auE-ANGi.Ki) Teiihglks. 

58. The solution of oblique-angled triangles presents three 
pairs of cases, each consisting of two which are reciprocals of 
each other. They are as follows : — 

I.- — The three sidet and its reciprocal (he three anglet. 
Jl.—Two sides and the angle opposite to one of them; its re- 
ciprocal two angles and the side opposite to one of them. 

III. — Two sides and their included angle ; its reciprocal two 
angles and the a^acent aide. 
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Oblique-angled Triangles. 56 

First Pair of Cases. 

69. Being given the three sides a, b, c, to ealculate the angles. 

From equation (186) and equations (182)-(I86), we get 

logZ = J SZcotis + ^tani(s-(t) + ?tanJ(^-S) + ;tanJ(s-tf)j. 

(249) 
/tan^ E = logi;-Zcot Js. (250) 

ltxa.i{A~E) = \cgL-ltw.^{s-a). (251) 
/ tan i (5 -£) = log i- / tan i (s - h). (252) 
Uan^ (C- ^) = log Z- / tan^ (s- c). (253) 

ExiMPLE 

Given a = 100°, h = 37° 18', e = 62° 46' ; find A, B, C. 
Type of the Calculation. 
a=IOO° 0' 0" icot^s = 1-9235570 



i = 


37 18 





?tan^(»-a) = 4-4637261 


.= 


62 46 





ltv<x.\{s~l)= 1-7150481 


ie = 


60 1 
I 






/ tan a-(s-c) = 1-5278682 


i{,-^) = 


2 1 5-7001994 


i(.-i) = 


31 22 





.-. logZ = 3-8500997 


-kis~c) = 


18 38 





Hence aan^_£'= 3-9265427 
„ ;tan^(^-_£')= 1-3863736 
„ aanJ(S-^)= 2-0660516 
„ aanJ(C-i')= 2-3222815 


-£"= 0" 58' 


3"-32, 


A-- 


= 176=^ 15'46"-56, 5 = 2° 17' 55" 






C- 


= 3° 22' 25"-46. 
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Solution of Spherical Triangles. 

EXEBCISES. — XVI. 
89° 59' 59", *= 88^ 55' 58", <!= 87° 57' 57"; find^,i 
120 55 35, 4=59 * 25. c = 106 10 22; ,, ,, 



60. If only one angle, say A, be required, tte formula for 
tan^ji in terms of the sides is simpler than the foregoing. 

(254) 
.n(s-S)= 1-9788195 
\3i{a-c)= 1-2529286 
1-2317481 
ms = 1-9939773 

in(«-o)= 1-4648388 
1-4588161 
[1-7729320 
.-. lUn^A =1-8864660 
Hence ^ = 75° 11' 22". 

61. Being given the three angles A, B, C, to calculate the sides. 
From equations (181)-(I85) we have 

logi;=i|;tanJ^+aan^(^-^)+;tanJ(5-_S'}+?tani(C-S)j. 

(265) 
/ cot J-s = logZ - ; tan ^5'. (250') 

I tan \{s-a) = \ogL-l tan \{A- S). (251') 

I tan i- (s - J) = log Z - ; tan J (5 - E). (252') 

; tan ^ (^ - e) = log i - Han i ( (7 - .B). (253') 

On comparing the equations (250')-(253') with (250)-(263) 
of § 59, it win he seen that they are identical 



Thua in logarithm 


,s, 


li9.D.^A=l\l 


.\n{s~h)^l. 


3 = 82° 


33' 51" 


S = 27 


16 9 


e = 89 


12 24 


s =99 


31 12 


s-a = 16 


57 21 


» - S = 72 


15 3 


»-<;= 10 


18 48 
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Oblique-angled Trianglen. 5', 

EsBECisEa. — XVII. 
1 ^ = ler 22' 10", B= 20-58' 46", (7= SOMS'lO"; 

find 0, *, ( 
^ = 127 22 7, B=123 41 4B, C= 107 33 20; 



^= 78 15 41, 



B = 153 17 6, C= 87 43 36; 



63. If only one side, says, be req;iiired, we may use either of 
the formulae 



4sm{B-B) 



5 cos C 



Ttie last can be adapted to logarithmic computation by n 
of an auxiliary angle. Thua, if we put 

eosC 



tan^ 



n(.B + ^)cotg 



we get 
ExiMPLE. — Given 

d = 32° 54' 28", £ = 146° 68' 9", C = 24° 54' 47"; find a. 
leotC = 0-3330492 

isin(S+^)= 2-6464063 



IcosC = 1'9575824 

1-6940606 

^cos^ = f-9240447 

Uan0 = i-7700059 

Hence <^ = 30° 29' 30"-4 

.-. 5 + 0= 177 27 39-4. 



3-9794545 
= 1-7364682 
= 1-7053630 

T-4418313 
= 1-5376233. 
= 69° 49' 40". 
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Solution of Spherical Triangles. 



Second Fair of Cases- 



63. Given two sides a, b, and the angle A opposite to t 
them, to caUulate the remaining parts. 

The soflglit parts are iound by the following equations :- 



ni(a-S)- 



tan JC=cot^(-i-^)- 



^K^-■B)■ 



(259) 



The formula (257) gives for S two values S„ 180° - B^, if 
ain A sin & be less than sin a. In order that either of these 
may be admissible, it is necessary and sufficient that, wben 
substituted in (258), (259), they give positive values for tan J e 
and tan ^ C, or, which is the same thing, that a -I and A- B 
will be of the same sign. This condition is both necesiory and 
suffieient. For a, i, A, being the given elements, denote by 
B, 0, C the other elements determined by the equations (257)- 
(259). Now let us construct a triangle T, having the angle C 
and the sides o, h, and calling A', B', i/ the other elements of 
this triangle, we have 

a ^ (^' + -g') 



tan ^ c' ^ tan ^ (a 



tan^C=cot^(^'-5')^ 



niiA'-B'Y 

M"-i) 



k (a + *)■ 
tan i (A' + B') _ tani(a + J) 
tan^(^'-_BO~ taui(o-*)' 



(258') 

(2690 

(a) 



tan^(^ + .g ) _ tan i (a + h) 
tanJ(JTfi) " taai(«-6)' 



(a) 
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Oblique-angled Triangles. 59 

If we compare (269) aad (259'), we see that A'~B' = A -B. 
HeEce, from the two formulae (a) we have A" + £' = A + £ ■ 
theieiore A' = A, £' = B. Lastly, from (258) and (258') we 
infer that c" — c. Hence we have the following Kule : — If each 
of the two values of B which m-e got from (257) he such as that 
{A - B) and (» - b) have like sigm, there are two solutions. If 
only one of them satisfies this condition, there is only one triangle 
that satisfies the problem. The problem is impossible when neither 
of the vahiea of B make [A- B) and {a - b) of the same sign. 

Instead of the formulae (258), (259), we may use the fol- 
lowing : — 

itanjc =UanJ(fl + J) + icosJ(^ + S) -/cosJ(,4 - B). 



;taniC=Uani(,£l + 5) + icosJ(fl- i) - ?co9i(a+ b). 
(261) 

64. From Reibt's Analogies (§ 44) we get the following 
equations : — 

; tan (45° - d'") = J- 1 Uan (s' + s") + ^ tan («' - «") 

-t- I i3.-a.{d' + d") - li&a{d'- d")\. (262) 

I tan (45° - «'") = ^ j Uan (*' + «") - Z tan («■ - *") 

+ Uan(.f + .i") + ;tan(o!'-(;")!- (2'63) 

These formulae determine G and c when the angle B is acute. 
They possess the advantage of requiring only four logarithms 
instead of six, which are necessary if we calculate by the equa- 
tions (258), (259). Eor the second triangle answering the given 
conditions, or for B ohtuso, the formulae are — 

/,tans"'=^ (/ tan(s'+ s") + / tan(s' -s") + Z tan (rf'-ii") 

-lt!m{d' -\-d")\. (264) 

/ tan (i'" + J { 7 tan (s' - *") + Han {d! - d") + ^ tan {d' + d") 

-aan(j' + *"){. (265) 
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60 Solution of Spherical Triangles. 

The formulae (263)-(265) may be replaced by the fol- 
lowing : — 

I tan (45° - s'") = / tan {s' + s") + Han {d' + d")-ltaii (45° - d'"). 

(266) 
I tan i'" = I tan («' - s") + I tan (d' - d") ~ I taa s'". (267) 

Or thua : — Let fall the perpendicular CJ) ; then, denoting the 
are AD by ^ and the angle ACI) by ij/, we haye, from the 
light-angled triangle A CD, 

tani^ = tani cos ^i, tan i^ = cot^/cos b. 




Then the sought parts are given by the equationa 

sin 5 = sin S sin Ajsin a, cos (e - 0) = cos a cos ^/cos b, 
cos ( e - i//) = cot a tan 6 cos f. 



Exercises. — SYIII . 

1. Giyen n= 73° 39' 38", 4 = 120° 55' 35", A= 8S° 62' *3" ; 

find B, C, c. 

2. „ o = l50 57 5, * = 134 16 54, A = \U 32 42; 



i = 56 19 40, A= ' 
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OhUque-angkd Triangles. 61 

65. Given tteo angles A, J3, and the side a opposite to one of 
them, to solve the triangle. 

The solution may be iaferred at once from tlie reciprocal 
case, §§ 63, 64. In fact, the same equations solve both, cases. 

Third Pair of Cases. 

66. Being given the sides a, I, and the contained angle C, to 
Jmd A, B, e. 

Napier' e analogies give 

Uan ^ (^ + 5) = i cot 1 C + ; COB i (» - i) - i cos J (fl + h). 
(268) 
l\,w.^{A- B) = lctii\C-^lva\^{a-l)- Z sin -J- (a + J). 
(269) 
These equations give \ {A + 5) and ;- {A-B'); and therefore 
A and B, and then c, can be found from equation (47), or from 
(159) or (160). 

Exam ple. — Given 
1= 113" 2' 56", i = 82" 39' 28", C= 138°50' 14"; find ^, 5, tf. 
Type of the Calculation. 



i(a-i)= 15° 11' 14" 


J sin -Ha-*) = i-4ia4891 


i(<( + J)=97 51 12 


isin J(a+ h) = 1-9959075 


IC = 69 25 7 


;cos|-(o-*) =1-9845438 




q-cosi(fl + i))= 1-1355722 




Iwi^C =1-5746163 


Hence 


{-tanJ(^ + £)}= -4235869 




.-. ^(^ + £) = 110°39'35 


and 


Uaii^(^--B)= 2-9971969 




.-. i (^ - 5) = 5° 40' 27". 


Hence J = 116° 20' 2' 


5= 104° 59' 8". 
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62 Solution of Spherical Triangles. 

To find C we have, from (159), 

TTow 
;|-tani(» + S)j = -8603353, I \- cos i {A + B)\ = 1-5475498, 

I cos i [A -B)= ^9978668. 
Hence i tan -^i! = -4100083 ; .-. c= 137° 29' 3". 

Ohservation.— In the foregoing calculation it is seen that, 
when an angle is between 90° and 180°, we have the sign 
minus before its cosine and its tangent, the reason of which 
is obvious. 

Or thus : — Let fall the perpendicular D^; then denoting the 
arc AShj $, CE will be J - fl. Then, from the right-angled 
triangles, we have 

tan ( J ~ e) = tan a . cos C, tan Ajtm C = sin (* - e)/ein 0. 




Fig. 20. 
The first equation determines 0, and the second A. In a similar 
manner B may be found. Lastly, from the same triangles, we 
have cos c/coa a = cos 6/cos (i — 0). Hence c is found. 

ExEEcrsEs . — XIX . 

1. Given b= 88''12'20", 5 = 124° 7' 17", C=50' 2' 1"; 

find A, B, c. 

2. „ 0=110 55 35, *= 88 12 20, C=47 42 1; 

find^, B,i;, 

3. „ o= 65 15 12. *= 47 42 1, C= 59 4 25; 

find A, B, t. 



Hosted by 



Google 



Oblique-angled Tnaniiks. 



63 



67. Given two angles A, B, and the adjacent side c, io find 
a, h, C. 

From Napier's Analogies we get 

Uan I- (a + i) = aan J c + ^ COS J (^ - _B) - ; cos ^ (^ + B). 

(270) 
^taui(a-S) = /tan^fl + I ami{A-£)-l sin^iA + B). 

(371) 

Hence a, b are known, and C can be found from (268) or (269), 

Or thus ; — Let fall the perpendicular BE (see last fig.) ; then 

denoting tbe angle ABD by ^, the angle DBG will be S - i^. 

Then from the triangles ABB, CBD, we get 

cot <ji ~ tjui A COB c, tan a = cob ^ tan (7/eos {B ~ 0). 
The first of these formulae determines ^, and the second a. 
Similarly S may be found. 

Again, from the same triangles, we have 

Bin^:Biii(.S-^):: cos^ : cos 0. 
Hence C is found. 

68. The following simple and elementary methods of solving 
the various eases of oblique-angled triangles, by dividing each 
into two right-angled triangles, are due to Catjcht. 




Fig. 21. 
Let be the centre o£ the sphere, AB C the spherical triangle. 
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64 Solution of Spherical Triangles. 

Draw CD perpendicular to tlie plane A OB, also BA', HB' per- 
pendicular to OA, OB. Then it is evident that CA\ CB" are 
also perpendicular to OA, OB. 

Let B'OD = a, HOA'^^, DOC=B; 

then we have 

CB'=aiaa, OB'^oosa; CA'=6mb, 0A'=<i03h; 
CB = sin 8, OB = cos 8 ; CA'B == A^-CB'!) = B. 
The triangles A'OB, B'OB, A'CB, B'CB, have the angles 
A' B' D right ; 



coe BU)B QosA'OB 






Hence ^^ = ^. 
COS 0, co^ li 




(272) 


DC = sin 8 = CB' sin C^If^ C^'.-sin < 


C^'i 




Hence sin a. sin -5 = sin J sin 4. 




(273) 


BB'^ OFt&nB'OB = CB' cos CB'B. 






Hence tan a = taa a cos 5. 




(274) 


i>-i' = OA' tmA'OB = C4' ooa CA'JD. 






Hence tan^ = tani cob^. 




(275) 


From (273) we get 






tan ^ (a + i) tan i (a - J) = tau i (a + j3) tan 


i-{<^- 


-^); 


bnt (a + ;8) = .. 




(276) 



tan I- (« + i) tan ^ (« - i) = tan-^c. tan J-(a - 0). (377) 

The formnlae (272)-(277) solve all the cases of oblique- 
angled triangles. 

1st Ca,Be.—&wen the three gidea. 
(376) gives (a + j3), (277) {a. - ^), (274), (275) gi™ A, B. 

8nd Case. — Oiven the aides a, h, and the angle A. 
(373)giTesB, (274), (275) give a, ft (276) gives c, and (273) C. 

3id Case. — Given the angle A and the adjacent tides. 
(276) gives ft (276) a, (272) a, and (273) determines£and C. 



Hosted by 



Google 



Oblique-angled Triangles. 65 

Exercises, — XX , 
1 . ProTe that 

eoai {o + J) COB J(o - b) tan J C= eina rasil + cob^ ain *. (278) 
2-7- Solve a right-angled triangle, heing given— 1°. c, o + i; 2". e, a-J; 
r. a,!> + e;i°.a,b~c; a", c, A - B ; 6°. c, p. 

8. If 1 + COB a + COS 4 + coa c = 0, prove that ©aoh median is the supple- 
ment of the correspondiiig side. 

9. In the same case, prove ttat the epherioal esceae is two right angles. 

10. In tie same case, prove that the arcs joining tie middle points of 
two aides are each = 90°. 

11-17. Ifo + » + i; = ir, prove— 



7°. cosac [A-E) + coaec {B'S) + coseo {C - £) = coaeo E. 

18. ABC is a spherical triangle right-angled at C; if with A, B as poles 
great circles HFRL, DEFG be described, meeting the sides CA, CB, AE 
of Ihe triangle in the pairs of points S, if; K, O; L, D, respectively; 
prove that the five triangles ABC, ABE, SEE, FGK, KLB have all fte 
same circular parts. — (Sapier.) 

19-22.— -Deduce from the analogies of Delamhhe or Napibr the follow- 
ing convergent series : — 

(Brnmow). (27S) 

{lUd.) (280) 

a- t^-'- dttt - ■ itan^— fan'- ' 

{Ibid.) (28!) 

*°- | = ''-f*-ten~tan|sin(fl + *) + Jtan2:Jtan'|mn2(fl + i)-&c. 

{Bid.) (282) 
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66 Solution of Spherical Triangles. 

23. Prove 

COB 2A 4- COS 2J - (C03 2b + coa 2S) = cos 2A coa 2b - cob 2o coh 2S. 
(283) 

24. Given any three of the ds quantities s', s", s'", d', d", d'" of J 13, 
aolye tie triangle. 

25-32. Solve a apherical triangle, being given — V. A, B, a+ J ; 2". A, B, 
a- b; Z°. C',c,a+b;i'.a,B,C-\-c; 5°. c, h, he \ 6". a,B,E; T. A, b, 
a + e; 8°. ab,E, &c. 

33. Prove 

(an (45° ~ «') cot (45° = <f) = cot (*" - s'") tan (^■' - ff"). (284) 

34. Prove 

tan (45' - a') tan (45° -d') = Ian (s" + /■') tan {d" - d"-). (286) 

35. Prove 

tan J(B + C) + tani(5- (7] = 2<:ot^^aini.i gin(S + c). (286) 

36. If the oosinea of the tangents drawn from any point F to two small 
oirclee have a given ratio, prove that the locua of Pis a great circle. 

37 . In iJie same case, if the sum or fie difference of tho oosinea of the 
tongenta be given, prove fiat the locua of Pis a circle. 

3S. State and proi-e tie scries similar to (279), {280] (hat may be obtained 
from the first and aecond of Napier's Analogiea. 

39. If ci, Hi he tie values oE fie third side, when A, a, h are given, and 
tie triangle is ambiguous, prove that 



40. liA, B, C, &o., be the angular points of a regular polygon of h aidea 
inscribed in a small circle, whose apierieal centre is and radius r ; prove, 
if Pbe any point on the sphere, that 
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CHAPTEE IV. 



VAEIOUS APPLICATIONS. 



SEcnoif I.— Theoet oe TKiuarBESALs. 



69. Def. XVIII. — Being given three points A, S, X c 
nXA 



e arc of a great eireh, the ratio - 



XB 



is called the ratio 



of section {AM, X). 

The arcB XA, XB are considered of the same or of different 
signs, according as they are measured in the same or in diffe- 
rent directions from X. It is seen that it makes no difference 
whether we take for XB the are - XMB or + XAX'B, these 
arcs having tiie same sign. 




Fig. S 



If A', B', X' be the antipodf 

{AB, X) is positive if X be on BA' 

negatiye if Xbe on AB 

null ,, at A oi 

infinite „ at B oi 



al A, B, X, the ratio o. 
BA' or AB\ 
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68 Various j. 

We may remark that 

{AB, X) = {AS, X') = {A'B', X)^- (A'JB, X) ; 

since it follows that when an arc AJi meets another XYX', 
it is indifferent whether we take for the ratio {A£, X) or 
{AB, X-). 

Def. XIX. — If A, B, X, Y be fow points on the same great 
circle, the ratio efthe tv>o ratios of aeetion {AB, X) {A£, T) or 

- . - : - . - M called the anharmonic ratio of the four points. 

If the ratio = - 1, the points X, P" divide AB harmonically. 
For example, the two bisectors of an angle of a triangle divide 
the opposite side harmonieally. 

Witt four points on an arc of a great circle, the same aa with four poiote 
on a right line, wo can, 5S in Sequel to Euclid, p. 127, form Bis anharmODie 
ratios, any one of which may he called the anharmoaic ratio of the points. 

DeeinitiohXX. — When three ares of great eircles a, yS, y pass 
through the same point M, and are intersected in A, C, £ Jy the great 




circle described, with M as pole, the ratio of section {afi, y) 
^sJnOA ein {ya) 
sin CB tin{yp)' 
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Theory of Transtjersah. 69 

Defihitioh XXI, — I7i« artharmonie ratio of four great circles 

(a, fi, y, S) pasainff through the same point M is (c^yS) 

sin (ya) 8^_(Sa) sjn CA sin DA 

^ nn(y^) '' sin(S/3)' °^ nn CB ' sin i)^" 

If (a(3yS) = — 1, the pencil a, jS, y, 8 is said to be harmonic. 

70. If a great circle intersects the sides of a triangle ABC m 

the points A', B', C, then, 

1". {AB, C'){BC, A'){CA, B') = I. (289) 

2°. (si, CC")(ic,^^')(m,55') = ^- (290) 




Pig. 24. 

To prove l°^If the sides AB, CA be cut intemaUy, and 
BC externally, and pcrpendioidaTs y', p", p'" be drawn to the 
transversal, we have by the properties of right-angled triangles, 

{AB, C')=--^„ {BC, ^')=^^^1 antl {GA B')=-^^^,. 
smp amp sm p 

Hence, by multiplication, we have 

{AB, C){BC.A'){CA.B') = \. 

To prove 2° — "We have, by equation (55), the equalities 



^, by multiplication, the proposition is proved. 
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70 Various 

ReeipTBeally. — If the points A', B", C satisfy either of these 
relations, they He on a great circle. 

Cor. 1. — -The great circle -which bisects twa sides of a tri- 
angle meets the third nide at the distance of 90° from its 
middle point. 

Cor. 2. — The feet of two internal bisectors, and the foot of 
the third external bisector, of the angles of a triangle lie on 
the same great circle. 

71. If the arcs which join the vertices of a triangle ABC to 
the same point of the sphere meet the opposite sides in the 
points A', B', C, then, 

1°. {ah, CC) {be, AA') (ea, BB') = - I. (291) 

2°. {AB, a) {BC, A') (CA, £') = -!. (292) 

1°. This follows from applying the theorem, § 29, to the 
three triangles .4 05, BOO, OOA, and considering that if the 
point be inside the triangle ABC, the three ratios of section 
{ah, CC), &c., are negative ; and if be outside, two are posi- 
tive and one negative. 

2° foUowa from 1° by equation (55). 

Beciproeallg, if the points A', B', C satisfy either of the equa- 
lities (291), (292), the arcs AA', BB', 00' are concurrent. 

Cw. 1. — The three medians AA! , BB', CO', are concurrent. 

Cor. 2. — The three altitudes, A„, Aj, h^ of a spherical triangle 
are concurrent. 

Oor. 3. — The homologous sides of two supplemental triangles 
intersect in points situated on the same great circle, having z& 
pole the common orthocentre of the two triangles. 

Oor. 4. — The arcs which join the vertices of a spherical tri- 
angle to the points of contact of opposite sides with inscribed 
circle, or with any of the escribed, meet in the same point. 
{The Gekgobhb pojmi of the Triangle.) 
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Theory of Transversals. 



71 



72. The anharmoitic ratio of a pencil (a/3yS) o£ four great 
circles (see fig,, Def. iii.) is equal to the aiLharmonic ratio 
{ABCD) of the four points in which it is intersected hy a 
transversal. 



Dei 



—We hare, equation (55), 

(a^, y) = (AS, C) . 



and (n^, S) = {AB, C) . -. 

Hence, hy divi&ion, (apyS) = {ABCD). (293) 

73. Each diayonal of a complete spherical quadrilateral is 
dtvtded harmonically hy ike tmo remaining diagonals. 




Fig. 35. 

Dbm.— Let the quadrilateral bo SC^flT; AA', BB", CC" its 
three diagonals. Let BB', CC intersect in M. Join AM, and 
produce to cut BCin A". 

Now we have (Art. 70), 

(AB, C'){BG,A"){CA,B') = -\, 
and (Art. 71), 

{AB, C')(BC,A')(CA, 5')=+ 1- 

Hence {BC, A") = - {BC, A') ; .-. A\ A", B, C 

are harmonic points. Theioioie {A-A'A"BC) i 
peaeil. Hence the proposition is proved. 
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72 Various 

EsEECISES. — XXI. 
1-2. If the medians AA', SB", OG' of the triangle ABO intersect in G, 

V. Binff^-f 3iiLG^' = 2oo8ja. (29t) 

„, ain AA' sin SB' aia CC , , 

flin .*i tr sin. o (r am c. (r 

3. If thcougJi a fixed point P we draw any two transversals P.^B, FA'S 
to a fixed angle JSr, the Iogus of the points of intersection of the arcs 
AB', A'B is a great circle called the polar of P, with respect to the angle 

xsr. 

4. If two sphericia triangles ABC, A'B'C are such that the arcs 
AA', BS, CC are concurrent, the pairs of corresponding sides AB, A'B'; 
BO, B'C ; CA, C'A' intersect on llie same great circle. 

This may he proved by transversals (sea iSeqael to Euclid, p. 131), or by 
considering the tetrahedrons (,0-ABG)^0-A'B'G') cut by lie same plane, 
which gives two rectilineal triangles in perspective. 

5 If we take on the three sides of a trianglo from tlieir middle points 
arcs equal to a quadrant, the six points thus obtained are on the same 
great circle 

6 If the arcs AP, BF, GF meet the sides BO, OA, AB in A', B', C ; 
and if A", B", 0" he the symmetriques" of A', S', G', with respect to the 
middle points of the sides, thon^.^", BB", CC" meet in the same point P", 
called the isofomic conjugate of F, with respect to the triangle. 

7. Prove that the three arcs AD, BE, CF, each bisecting the area of 
a spherical triangle .4S(?, are concurrent. — (Steinek.) 

From the given conditions the spherical excess of each of the triangles 
BAD, OAB is E. Hence 



^AD 






in(-g-^-g) Bini.E.sin(C-i.g) _ 



TiBAD.smABB ^ >/ sir, CAD . sia AUG ' 
.-. iin. BAD: mi GAD: :dti(B~^B) :ein(C-i£), 
which and two similar pcoporiJonB the proposition follows. 



• For shortness, we say that the eitremities of a 
re symmetriques, with respect to the middle of that 
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Theory of Transversals. 7S 

Dep. XXII. — TFe shall eall the normal eo-ordinates of a point 
M, with respect to a triangle ABO, quantities proportiowd to the 
sines of ares drawn from M perpendicular to the sides of ike tri- 
angle, and denote them ly &„, S{, 8^. 

Def. XXIII. — We shall eall the triangular co-ordinates of M 
half the products of the sines of the perpendiculars from M on (he 
sides, multiplied hy the sines of the sides. The triangular co- 
ordinates of M are eq^ual to the Staudtians of the triangles 
AMB, BMC, CMA ; we shall denote them hy »„, n^, »„. 

8. If arcs AM, BM, CM meet tlio sides of A£C in A% B', C\ reapec- 
lively, prove that 

(SP, A') = M, : «i ; (GA, S') = n„ : K, ; {AB, C) = m : jij. 

9. li two points ba iaotomic conjugates, they have reciprocal triangular 



10. If three ares drawn through A,S, C he the symmelrlquea of ajiy three 
area AM, BM, CM, with respect lo the bisectora of the angloa A, B, C, 
they meet in a common point M', called, the isogonal coQjugate of M, 

1 1 . If two pointa be isogonal conjugates with respect to a triangle, their 
normal co-ordinatea are reciprocals. 

13. If a transversal T cuts the aides of ABO in A', B', C, the sym- 
mefriques of A', £', C, with respect to tie middle points of BC, CA, AB,sce 
upon fie same arc of a. great cireb T, called the isotomic tramversal of T. 

13. In the same case, the symmetriiiues of the arcs AA\ BB', CC, with 
reaped to the bisectors of the angles A, B, C, meet tie Bides of ABC in 
points which lie on the same great circle T", called the ungtmoi tran^enai 
of T. 

14. Prove tiat the triangubr oo-ordioatea of Q, the point of intersection 
of tie medians of a triangle, are equal to one another. 

15. If A\, B\, C\ be the harmonic conjugates of the points A , B' , C, in 
wlich a transversal TcvXa tie aides of ABC with respect to tie sides, then 
the arcs AA\, BBi, CC, co-interaect in s point r, called the Irilinear pole 
oiT. 

Tis called the trilinear polar of t. 

16. If G be the interaecHon of lie medians, M any point of the sphere, 
«' the Staudtian of lie triangle BOC; then 
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74 Various Applications. 

Dbm.- COS itfS + COB Jtf (7 = 2 COS - ao&MA' 




>iMC si-aAA' 



17. Calculate the nom 


1 of the Eides of BGC. 






We have 










«' sir, 0^' „ a 


ein (AA' -GA') 


i + c 


:...= 


Wb shaU eliminate GA' 


and AA' 


hetweea those i 


iiuati. 




■ sin AA'< 


ios GA - CO; 


jvl^ 


'aint 



la-i^'j =ccia^X.sin. 



-)=— j-S- 
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18. If tangents bo drawn at A, B, C ia the ciroumoircle of fie triangle 
ABC, forming a triangle A'B-C, the ares AA', BB', CC, are concurrent. 
The point of coneurreaee, K, in called the Lemoinb point of the Triangle. 

IB. ProTS that the normal co-ordinates of K are 

mji{A~E), wn{B~E), sin(C-£). 

20. The triangular co-ordinates of the orthoeentre are taji^, tan 5, tan C, 
and the normal co-ordinates, sec A, sec B, sec C 

Dbp. XXIY. — The isogonal conjugate of 0, the intersection of 
the medians, is called the Stmmbdiah point. 

21. Prove that the Symmediam point of a spherical triangle does not coin- 
cide with lis Lemoino point. Its nomal co-ordinates are sin a, sin i, sin e. 

32. The noimal co-ordinates of the pole of the circumcircle are 
eos(^ -£), 003(5-^), co9(C-£). 

23. It Jlf be any point of fho sphere, and the arcs ISA, MB, MC meet 
the sides £C, CA, AB in A', B', C, if be the polo of the circumcircle, 

miMA' sia'MB- sin MC 
iinAA' """ sinBS' "^ un CC " 

24. If two equianharmome pencils have a common ray, the intersection 
of three corresponding pairs of raya lie on a great circle. Compare Sequel 
to Euclid, Prop, v., p. 131. 

Section II. — Incikclbs. 
74. To find the radius of the incirole of a splterieal triangle 
ABC. 



(298) 




Fig. 27. 
5o?.— Bisect the angles A, B by the arcs AO, BO. ia the 
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76 Various Applications. 

ineentre required ; and the perpendiculaTB Oi*, OS, OF on tho 
sides are the angular radii. 

Dem. — It is easy to see that OB, OS, OF are all equal ; also 
that AF = s-a. Now from the right-angled triangle OAF we 
have, equation (110), 

tan OAF= tan OF-^ sin AF; 
or, denoting tte radius by r, 

tan ^^ = tan r ^ sin (s - a). (299) 

Hence, suhstituting for tan ^ A its value, equation (22), we get 



^^^ lsiiL(.-a)ain(.^a)sin(^-g)^^^ ^300) 
yj sin s sin » ^ 

Cor. 1, — If in the expression for tan r we suhstitnte for b, e 
(tc - h), (ir — c), we get the expression for the in-radius of the 
colunar triangle B CA' formed by prodacing the aides AB, A C. 
Hence, denoting it by r„, we get 

taii)-„ = -. "_ . (301) 

Similarly, tan n = -^ ,"_■> ■ (302) 

and tan r 



n{B-c)- ^ ' 

Cot. 2.— From the equations (299), (300) we get the fol- 
lowing formulae for solving a spherical triangle when the three 
sides are given : — 

Uan r = a- {? sin (s - o) + ; sin (« - J) + ? sin (s - c) - i sin «) . 

(304) 

i tan J ^ = aan r - ^ sin (s - o), &c. (305) 

Dbp. XXV.— rA« ineircles of the colunar triangles are called 
esorihed eirehs. 
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EXBBCISES . XXII . 

. Prove taiir = alnosmi£8iQ^C6eci^, (306) 

tan r = Jir -^ 2 COB J^ cos i 5 C03 J P. (307) 

cotr=^|em(^-£) + sin(S-£)+Bin(C-i)-em£|. 

(308) 
ifo + i+c = ir, provetfinr = tan^^ ten^^tanJC. (309) 

tsnr.t!mra.ianntany, = n-. (310) 

taiiJ-» = Binooo9i5cos^CeecJ-^. (311) 

cotr. = ^{smS+8ui(S-£) + sm((?-^)-6m(^-S)}. 

(312) 
.;Ot^-cotr„ = -l(Bm(vi-B)-sm£!. (313) 

9. Prove that the centre of the iacircle is the ortiooentre of the triangle 
formed hy the excentres. 

10. Pioye cot fa + cot n + cot ?-, = (cot ^ ^ + cot J S + cot ^ C) -f am s. 

(314) 

11. Prove that the common tangents of the escribed circles taten in 
pairs ta« a + i, b + e, c + a, respectively. 

12. If Oo, 06, Oc he the centies of tie escribed circles, prora that 

~ "»• ^ «>■"". -" »». - ~°^^ ' ~~ ■■ —tiy P«) 

13. Prove that cot r ■+ cot r„ + cot n, + cot n 

= -^(Bin£+Ein(^-£) + Kin(B-.E) + 6in(C-£)i. (316) 

14. Prove 

siD",iO : Bia^^O : sia^ CO : ""j'"^ : "™j^~*' : " '"l^""' . (317) 

15. Prove that the cosinea of the angles of the triangle Og, Ot,, Or are 
respectively equal to 
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78 Various Applications. 

Section III. — Circdmcibcles. 

75. To find the circumradiua of a spherical triangle ASC. 

Sol.—'BiBeot the arcs 3C, CA ati), E, and let be the inter- 
section of perpendiculars to BG, CA, at D, E\ then is the 
ciroTiincentre. 




Fig- 



Dem.— Join OA, OB, 00; tten, equation (113), cos OB 
= cos BD. cos OB, and cos 00 = cosi>C. cos OD. Hence OB 
^ OC. Similarly, 00= OA; therefore is the ciroUTOeentre 
of the triangle ABC. Again, the angle 

OAB= OBA, OBC= OCB, and OCA = OAC; 
.: OCB + A^i{A + B+C) = S; 
.-. OCB = S-A = m°^{A-E). 
Let OC = R; then, from the triangle OCB wc have, equa- 
tion (109), 

cos OCB = tan i)C 4 taa OC = tan i a -f tan fl ; 
.-. tan fi = tan i « -^ sin {A-E); (318) 

and, substituting for tan J» its value from equation (86), we 
get ^ 

(319) 
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Cor. 1. — If in equation (319) we substitute lor B, C, ■k - B, 
TT - C, respectiToly, we get the ciicumradius of the colunar 
triangle BCA'. Hence, denoting it by B^, we have 



Similarly, 

and cot Bg ■■ 



nic-sy 



Cor. 2.— From the equations (318), (319), we get the fol- 
lowing formulae for the solution of spherical triangles, when 
the angles are given. Thus— 

l<iOtB = ^{lsixi{A-i:}-i-lBin{B~£) + Hm{C~E)-l6mBl. 

(323) 
I cot i a = I aot B - i sm(A - _£"), &c. (324) 



Exercises.— XXIII. 








mi- 






(326) 


""• ,^Aoo.it„i,- 


imj 2""l"™ji.iM. 






(326) 




ein^a 






(327) 


"'"' £,A..i.i,.^i,- 


,„i!,.^""*"-»'-»'. 






(328) 


tan J! - tan ii^ = i {sin s - sin {s - 


)}■ 




(329) 


taniJ.tanSj . tan Sb ■ tan «c = ^ 






(330) 


is.n 11 + tan S J. = cot n + cot »■«. 






(331) 


tanj;^ + taniic=cot. + cot^a. 






(332) 


tan fi + cot r == n tm Ji + tan B^ + ta 


nKs + t 


miJ^I 


(333) 
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Various Applications. 



i?RA + tan'fls + lan^-Sc 



+ COtVi, 



- cotVf 



U. Prove that the angles of iatersection of the citcvuneirele of a ephe- 
rical triangle with tho ciicaniiarcleB of the colunai triajjgles are equal to 
tha angles of the triangle. 

15. The angles of intersection of the sides of a spherical triangle with its 
flircumeirde are {A - E), {S - S), {0- E), respectively. 

16. The angles of interBeetion of the circamcireles of the eolunar tri- 
angjoa, in pairs, are equal to ^ + £, B + C, (7 + ^, reapectiyely. 

17. If ASC be a triangle, right-angled at O, if tlie point C and Hie oir- 
eumeirole of the triangle ABC be given in position, prove that the locus of 
the oircumeentre of its eolunar triangle ABC is a great circle. 

18. If S be (lie spherical distance between the poles of the incirde and 
circumcircle of a spherical triangle, prove that 



s=(fl-'-)- 



(338) 



19 
B 


If 5, denote the distance be( 

C06=B„-C03=ii=COS 

Prove cosS = a;nrBinfl 
Prove cot r„ + cot n + co 

Prove that tanfiainA. = 


(fi + r„) 
/sin.+ 


circmnc 

-COB^Jf 

8inJ + 


os=r 
in« 


and the 

)■ 


(339) 
(3*0) 
(341) 

f342t 


21 
22 


Usini„ 

mngle, ta 
sinO- 


dni*. 
= 2laD 

je = 2 


4ni 
S. 

tanr 



>siP 

24. Prove that tho Lkuilierian of a spherical triangle is equal to the 
LhuUierian of each of its eolunar triangles, or to that of its polar triangle, 
■01 any of the eolunar triangles of the polar triangle. 

25. If a, j8, y, S denote the perpendiculars froni any point in a small 
circle on tie sides of an inscribed ([Uadrilal«ral, whose lengths are a, 6, e, i; 






:that 



is^cosjd. 



Hosted by 



Google 



Spherical Mean Centres, 81 

26. In a guadrantal triangle, of which the side n is the quadrant, prore 
that 

oot5 = aiii((?-£), totBA = an{B-E), cot ifj = sin (^ - j;), 
cotSc = sin.E. (344) 

27. If the angle Aola triangle tcmaina constant, and also tJie periaieler, 
the envelope of the eidc BC is a email circle. 

28. If the angle A remains conatint, and also b + c - a, the envelope of 
.BC is a small circle. 

29-31. ConEfiuet and resolve a spherical triangle, being given 
1°. A, a, b + c; 2°. A, a, r ; S". A, «, E. 

33. Find the simplcBt formulae for r, ro, n, re ; E, Sa, Sb, Sc, for a 
diametral triangle ; that is, for a triangle for which 



34. If a spherical quadrilateral he auch that it is inscribed in a email 
circle of radius S, and circomBcribed 1j> another of radius r, prove that if B 
be the distance between tbe poles, 

ain (^ + r + 8) sin ( Ji + r - 8) ein (ii - »■ + S) Bin (ii - >■ - S) = sin' r cos' iJ. 
(Steiner,) (346) 

Section IV. — Sphekical Mean Centhes. 
Dee. XXVI. — If the triangular eo-ordinates ofapoint Mmth 
respect to a triangle ABC he «„, «j, re„ %ee have seen (Ex. xxr., 8) 
that the arcs AM, SM, CM divide BC, CA, AB in the spherical 
ratios «, : Wi, «„ : «„ n,,: «„. M is called ike tpliericai mean 
centre of the points with respect to the system of multiple) 
n„ »6, w„. 

76. If M be the mean centre of the points A, B, C for the 
niultiples n„, »[, m„ and P be any other point, then 

«„coa AP + wjco3 BP + «,cos CP^n. cos MP. (347) 
Dkm.— We have by Stewart's Theorem (Euc. III. 17), from 
the triangle BPG, 

cos PB sin A'C + cos PCsia BA' = cos PA' sin a ; 
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83 




Yariom Applications 




and from A'PA, 










co.P^ 


sin AM^ 00 


,PA 


inJM'.cosPJf sin^^'. 


Eliminating FA', we got 
BO. PS .in ^'C+ CM 


PCt 


m£A't^ 


P^sinasinJf^' 
.in AM 






00. 


PM, 


nAAaint 






~ 


sin 


AM 


' 


l)Ut 














2». . .ii 


AMainBA 


.in a 


i 2% -.in 


AM&m GA'mna; 




2», - .b 


,, in MA', I 


na; 


2« = sin 


a sin AA' .in a. 




Hence, eliminating £A', CA', MA', AA', we get 
B„ cos PA + %cos PB + «,P(7 =.ra cos PM. 

Cor. 1. — If /■ be 3 point, sucli that for given multiples 
I, m, n, I COB AP+m oos £P + n cos OP is constant, the loeus 
ol P is a small circle. 

Cor. 2. — If there be any number of fixed points A, B, C, &c,, 
and a corresponding system of multiples I, m, n, &c., and P any 
point eatisfyijig the condition S {I cos AP) = constant, the locus 
of P is a circle. 

Cor. 3. — If p be the epherioal radius of the circle, touching 
the inscribed and escribed circles of a spherical triangle (HaitT's 
circle), 

tanp = ^tanfi, (348) 

Dem.— Let P be tlie pole of Hart's circle, /, /„, I^, /, the 
poles of the in- and circumcircles ; thus 

m= p-r, /„£"= p + r„ I,Il^ p + Ci, /,H"= p + r,. 
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Spherical Mean Centres. 
Then it is eyident tliat the staudtians of the triaugles 

ij,,i, nj„ JIJ„ IlJt, 

are proportional to 

I 1 _2„ 1 

sin r ' sin »■„' sin r^ sin r^ 
Hence, from equation (347), we have 

cos (p + r„ ) _^ cos(p + ri) ^ cos (/> + r,) ^ cos(p-r) ^ 

.-. 4 tan p = cot r, + cot rj + cot /■, - cot »■ = 2 tan S. 
Honoe tan p = J- tan fi. 




C'lir. 4. — If p„, ^s, p, be the distances from A, B, C to & 
great circle 2" passing through M, then 

n„sinjs„ + %sinj5t + w^sinfJ, = 0. (349) 

This follows from (347) by supposing P tf) he the pole of T. 

Cor. 5.— If T be any great circle, and if n„sinj5„+ %sin^, 
+ n,s\ap, = constant, the envelope of 2" is a small circle. 
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84 Various Applications. 

Cor. 6, — If A, S, C, &o., be any system of fixed points, and 
I, m, n, &e., a aystem of multiples, and if p^i l>ii ?« &c., be the 
perpendiculars from A, B, C, &o., on any great circle?'; then, 
if S(? sinyo) = constant, the envelope of T is a small eircle, 

EsE ECiSES. — XX IV . 

1. If from ttiB points Jo, It, I, peipendicuiara be drawn to the sides BC, 
CA, AB, reapEctively, th^e peipendiculate are concurrent. 

2. If H be the pole of Hart's Circle, prove tliat 

cos AS -^ coa p = COB i J ooa ^ e r cos J B , (350) 

3. Tlie arcs of connection of the ■vertices of a triaagla to tlie points of 
contact of the opposite sidea, with the circles inscribed in the corresponding 
colunar triangle, meet in the same point, called the Nagel point of the 
trianple. 

i. If h, H, ts be the t gents from A, B, C to Hart's Circle, prove 



5. The normal co-ordinates of the pole of Hart's Circle are 

cos{S-C), cos(0-^), co3{-i-.e). 

S. The norinal co-ordinates of Nagel'a Point are 

hla'^A, sin=^.B, Kin=JC. 

7-iO Prove the following relations : — 

1-. .1)1(1 + O/m^. (c.i«S + »..)/(l t m.). 

r. .I.(il - C)li!,A . (to. . - 00. i)/(l -■«..). 

am(g + C)i^t^fl (co.i; + cosC)cotM 
oosi+oo.. nri(» + <] 
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CHAPTER V. 

SPHERICAL ESCESS. 

77. In the preceding cliapters we have made frequent use 
of the function uf the angles of a triangle, called the spherical 
excess. In this chapter we shall enter into further detail, and 
give a more Rystematic account of its theory than could have 
been conveniently given in those chapters. 

SeCTIOH I.— FoEMULiE RELATIVE TO H. 

78. Lemma. — If the triangle BCA' he colunar with ASC, it 
has two sides equal to tt - i, tt — c, and their included angle ia 
equal to A ; therefore it IE be the spherical excess of ABC, 
2A - 2E will be the spherical excess of A'BC. Hence we 
have the following rule of transformation ; — 

Edie. — In ant/ formula eontaining the elements h, e. A, B of a 
spherical triangle, we may change the sides i, c into their supple- 
ment, and E into A-E. 

This rule supplies easy proofs of several propositions. 

79. Let^5Che a spherical triangle; bisect .5 C, AC ia 




Fig. 81. 
a; B". Join A'B', and produce to meet AB inL, E; let fall 
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86 Spherical Excess. 

the perpendiculara AF, BG, CM. Then evidently the three 
pairs of triangles AB'F, CB'S; A'BG, A'CE; ABF, BEG 
are, two by two, equal in every respect. Heneo it is easy to 
see that the angle 5^/"= ^(^ + 5+ C); that is, = 90" +^; 
thereforei)^^= 90°-^; also iJJ" is the complement of .^'5', 

and DA of half AB ; that is, I>A = 90° - -. 
2 

80. Cagnoli's Theorem.— From the values of cos i a, ain J S, 
sini^(§§32, 33), weget 



2eos^acosjScosie' 
This is Cagholi's Theorem. 



81. By the transformation of § 78, we g 
.in(^-£).- 



in J S .in J t » ' 

Heace, by interchange of letters, 

■'°'^-^'°?i5rj- .c:.ii.i.i. - <»'^^) 

""''-^'- .■int.,iMi l5^/ (»"' 

82. Tb^ni? (A« value of eos E. 
From the triangle DAF, § 79, we get 

sin BAF = sin FJ) ^ sin ^i), 

or cosA- = ^^^'; (355) 
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Formulae Hdative to E. 87 

but COB -4'^' = cos Jo co3^5 + sin J a sin ^ J cos C, 

from the triangle A'B'C. 

And substituting for cos C its value from equation (15), and 
reducing, v/c get 

"''^- 2eosi.«co«JS73^I^" ^'"^ 

Or iSws ; cos i + cos s = 2 cos ^^' cos -, 
2' 

C03 ^^' 4 cos - = 2 cos A'B' cos - . 
2 2 

Hence, eliminating cos AA', we get 



bosA'I 



Hence from (355), (368) 

*'*''-^= 2 1 r~' (359) 



Cor. 1.— From (351) and (354) we get 



and faj- interoliange of lettcre 



Cor. 2. — If tie area of a spherical triangle and one of its 
angles be given, the product of the semitangents of tlic con- 
taining sides is given. 
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COS 2 


sing 


»| 


.m'iJ + >in 


•i'- 


sin^Jo 


200,4. » 


nti.. 


ini. ■ 


Bin'S" + ra 


•i'- 


sinH* 


•2dat„« 


„ii. 


in J. ' 


,m-i. + .t 


o-iJ- 


-.in'}. 



J8 Spherical Excess. 

83. By the transformation of g 78 we get, from (357), 



Similarly, 



^ ' 2 sin i tJ sin ^ J cos ^ c ■ ^ ' 

From tte formulae (360)-(362) we get, by trajisformation, 
the following values for cot {A - £), viz., 

o.t(^-g)^ "^^_°^'g'*' -cotC (366) 

- '";^*°*% ..t^ (367) 

.'iie|ffl-ooti;, (368) 

with similar values for cot {£ - -E), cot ( (7 - £^). 
84. To find dn !s IS, cos^E, tan^E. 









.H«-c. 


0B'4» 


-COS'S, 


ii+Sc 


«.t«co.}Sco,s. 








4 COS 


J.OOS 


i»oo 


tic 

(from (357)) 




.i. 


.ini(, 


»-ffi) 


sini(. 


~i) 


»»*('-") (369) 


Similarly, 




CO 


■*'■* 


«.i*c 


osic 




eosi-E: 
Hence 


1.0 


sj. 


oosi(i 


(-«) 


oo.4(. 


-J) 




4 




CO 


'*" 


osjic 


osjc 





tani^^=^/tani«tan^(4-») tani(«-*) taaj(s-e). (371) 
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Formulae Relative to E. 89 

The same value as that ohtained in § 48 by a difEerent method. 

86. If we put 

L = v^ cot J s tan ^ (« - ») tan 1 (s - J) tan ^{i ~ c) 
(see equation (186)), wc have 

taii^_£'= -— -. (373) 

Hence (§78), 



'-5(-l-^)-^,j„_.y 


(373) 


L 


(374) 


*"•<* *'"to.i(.-sr 


tan^ (C -E) = — :. 


(37S) 



tan -J- {s - c) 
Compare equations (182)-(185.) 

86. Lhuilier's theorem caa be proved, independently of 
ain^^, cosi-ff, as follows. Thus :— 

_ si-aijA+B+C-T -) _ siai{A + B)-smi{yr- C) 
^°° " cosi(^ + i(+C-5r)"coai(-4+B) + coai(7r^ C) 

- ^^^{^ + B)-ca%-^C _ CQS-i-(«-i)-cQBie cos j- C 
" cofli(^+fi) + sinjC" cos-i (a + i) +.COS ^ ■! " sin ^ (7 
(by Delambre's Analogies) 
^ cot ^ C 



H^-a).mH^~i) ^ 



= v^tani*tanj(»-a) tiini{s-/>)tmi{s-e). 

81. Prouhet's proof of Lkuilier'i theorem, 
from the third of Delambre's Analogies we have 
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90 

thereiore 



Hence tan i ^ cot -^ C - ^) = tan - tan ^ (« - e). (376) 

Similarly, from the first of Delambre's Analogies, 

tsn.iI!tmi{C-E) = tani(s-u} tan i{s-i). (377) 

Hence, multiplying and extracting square root, &c. See Nou- 
mllee Annalea, 1856, p. 91. 

EXEHCISBS SXV. 

1. If the are AD, drawn from Aioa. point D in the side BC, bisect the 
area of the spherical triangle, prove that 

KOS^AB : nos^AC: r Bin J Si) : Bra|J)C, (378) 

2. If ABC be K triangle, having a^ b =-, c = -, prove smE= -. 

3. It in fig., ^ 79, the arc EM be cnt off equal to ^ AB, and MN he 
drawn perpendicular to the great circle DE ; then MS = E. (Guberkann.) 

4. Prove that sin (A - E) = """ 3' ""^ S'^s"^-f i^ypj 
6. Prove that 

.i.i^-j). ™*''"^"^;*'''"*'""-' . (sio) 

6. Prove that in a right-angled spherical Iriangle tan£ = 1an5^o tan^*. 

7. If a', i', c', .^', B', C denote fie aides and angles of the triangle 
supplemental to ABC, prove 

cot ^.coti,' = tanJ(s-«)lan§ [»■-«■). (381) 

8. In the same case, if 2E' denote tie spherical excess of the polar 
triangle, prove that 

tan iE tan^E" ^ tan ^ {^ - £) tan ^ {A' - E'). (382) 

9. Prove that the arc joining Qie middle points of any two sides of a 
spherii^al triangle is less than a quadrant. 
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Formulae Relntii-e to E. 91 

10. The cosines of the arcs joinmg the middle poinla of the aides of n 
aphorical Iriangln are proportioniil to tie cosines of half the sides. 

11. Sohe a spherics! triangle, heing given a, i ± e, and E. 

12. I£ a denote the Bemiperimotcr of a spherical triangle. A, Aa, As. A. 
its area, and the ai-eas of its oolunar triangles ; proro that 





tan'5 = tiui^A.cotiA».cot^ai.cot^A.. 




(38!) 


13. 


Piwe 8iQS = cotj;tatiJfltanJitanie. 




(384) 


14. 


„ m. .■m.co■iJ^co.J(;+■i«4^- 




(385} 


16. 


If (a+S+c)=.r, prove toa ^+0035 + cos t7=l, t 


'mA. 


(38S) 


16. 


Inthpsamecase,provet]iati!oa^..taii-tan^. 




(388) 




Pro,-, ,.■■ •i»H^ + .toH-« + .»!<'-l 




(387, 


■ 


2amJ.aamJJI.iuK ' 




..a aii.J5coaJ(.i--E)coai(B-j;):coaJ(C- 


-S. 


(388, 


■ 


" "2 lainj^ amiJamJC 




19. 


If ^= J.r, prove that cos^ = - wt - cot '-. 

, , c»'JS + co,'J<;"C».J.« 




(389) 



laJitcoaSi; ■ 
21. If /be incentre of a spherical triangle, pro 



oosi(i-e= 1 jr-^ (Ne^berg.) (391) 

2 cos:^ cos - 
2 a 

22. If Jn, Ii,, III be the incentrea of the triangles colnnar to ABC, prore 
that 

^A . jB . jC 

cos BI„0 ^ ^-^-^ ■ {Hid.) (392) 

sm — £in - 

23. The angle Bin corresponds in the supplemental triangle to the arc 
joining the middle points of two sidts. {Hid.) 

24. If /a be the inccmtre of the colunar triangle A'BC, from I^ let fall 
peipendicukra /„B, /„£, Z„F on the sides £0, CA, AB, respectively; 
then the angle BI„C=\ FI„ M=FI«A. The triaugle FI^ A gives 

cos FI,A = cos AF. ^B.FAI„ = cos s. sinj^. 
Hence oo3Bi'„C= cosj . sinj^. 



Hosted by 



Google 



92 Spherical Excess. 

Hence, from (392), we gat 



U the correlative of 357. We 



Seotioh II. — Lexell's Theobem. 

88. If the hose BC of a spherical triangle ABC be given in 
magnitude and position, and the spherical excess in magnitude, the 
locus of the vertex is a small eireh of the sphere. 

Steineb's Proof. Lemma.— li upon tlie base BC a spherical 
triangle be constructed, sacb that A-£! h givon, the loons of 
A is a small circle, namely, the eireumcircle of the triangle. 
For if be the pole of the circumeircle (see fig., § 75), the 
angle OBC = OCB = {A - I!}. Hence is a given point, and 
the circle is given in. position. 

J^Lbsell'3 Theoebm. — Let ABC be one position of the triangle, 
2.^ the spherical excess constant. Let the points B', C be the 




antipodes; of JB, C ; let .P be the pole of the circle AB'C; 
then we have 2E=A + B-<r O - ■n- =-B'AC' + ■ir - AB'C + w 
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Lexell's Theorem. 93 

- A C'B' ~7r-Tr + A-S' - C. Hence £'+€'- A ia constant ; 
and by the lemma the locus of A is the circumcircle of the 
triangle B'C'A. 

Or thus ; Sebket's Pnoor.— Let, as before, S', C he the 
antipodes of B, C; let -£" he the spherical excess of B'C'A, 
and B' its circumradius ; then wo have (§ 75), 

tan^ = tani«4 sia(^-£') = tania-f emE. 
Hence since a and £ are given in magnitude, B' is given in 
magnitude, and tlie circumcirclo of B'C'A is evidently given in 
position, and is the locus required. 

89, Steiuet's Theorem, — The great circles through angular 
points of a spherical triangle ABC, and which bisect its area, are 
concurrent. Let the circles bisecting the aiea meet the opposite 
aides in the points a, ft y, respectively ; also, let A', B', 0' be 
the antipodes of ^, 5, C. Now the areas of the triangles ^Sa, 
AB^ arc equal, each being half of ABC. Hence, by Lexell's 
theorem, the points A', B', a, ^ are concyelic. Similarly, each 
of the systems of points B', C, ^, y; C, A', y, a, ia concyelic. 




Let the point common to the planes of these three small circles 
be B, then the lines of intersection of these planes two by two 
pass through B. Hence, if be the centre of the sphere, the 
planes OB'^B, OC'yC, OA'aA have a common line of inter- 
section, namely, the liae OP, Hence the proposition is proved. 
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94 Spherical Excess. 

Analytical Proof. — The triangles ABa, A Ca ha-ving the s: 
spherical excess, we have, by Cagnoli'a theorem, § 80, 



and from this and two similar equations we get 

ein^Sa sml-Cff smiAy = ainiaC amilSA siniy^. 

(') 
Also the triangles ABa, yBC having equal areas, 

tan ic tan i--Ba = tanJyB tan ; o. {Art. 81, Cor. 2.) 

Hence, 

tan i-Sn tan ^C;8 tan ^^y = tan JaC tan ^^^ tan ^y^. 

(2) 
From (I) and (2) we have 

cos^5acoHC/3cos^^y = cosia(7cosi^^co5iyfi. (3) 

From (I) and (3) we get 

sinBa3inC^ain^y=sinaCsiii^^siny5. (4) 

Hence the arcs Ao., Bp, Cy are concurrent. (Neubees.) 

Cor. — The triangular co-ordinates of the point of intersection 



the arcs Aa, £{3 


, Cy.re 


co.i»-ooi 


.JSto.}., cosi*-oosj.oosj«, 




oo!i.-eosi»eo,3S. (/Mi.) 


These values are 


obtained from the equation 




siniii. eosi. 




»in(ia-iJ!.) oosJJ' 



which gives coti^a, and tl 



Hosted by 



Google 



LexeU's Theorem. 95 

90. Keogt's Tlieorem.— r^ sine of half the spherical excess 
is equal to twice the Staudtian of the triangle formed iy joining 
the middle points of the sides. — Nauv. Annales, 1857, p, 142, 

Dem. — Let A', £', C be the middle points of the sides. (See 
figure, § 79.) Then we have, from the right-angled triangle 
J)AF, 

COS DAF ^ainS cos DF, equation (111) ; 
that is, sin£'= sin B sin B'A". 

But siniJ = sine of tlie perpendicular from C on B'A'. Hence, 
if m' denote the Staudtian of A'B'C, wo have 

svaE=2n'. (364) 

91. To find the triangle of maximum area, two sides, h, c, being 
given. 




Fig. 34. 

Hoi. — The following is Steincr's geometrical solution : — 
Suppose the side ^C to be fixed in position. Let A'C be 

the antipodes of A and C; through A', C let a small circle he 

described with polo F, such that the angle 

then every triangle having AC an ha.se, and vertex any point on 
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Excess. 

the email oirole, will have a conetant area, namely, 2£r'. If 
the side AB be given, the small circle £Si described with A as 
pole, and spherical radius e, cuts Lexell's circle in the points 
£, £„ each of the two triangles ASC, AS, C ^vill have an area 

In order that the problem may be possible, Lexell's circle 
must meet the circle B£i ; or, what is the same thing, the 
angle PA'C' equal to ~ — £^, must be sufficiently large, the 
minimum of — E, or the maximum of S, corresponding to the 
case where the small circles touch each other. Theu the points 
A, B, P, A' are on the same great circle, and the triangle BC'A' 
is a diauietral triangle ; 

.-. C'=A'-^B\ 
but A'^-n-- A, and C" = tt - C. 

Hence A = B -^ C, and the required triangle is diametral, 
a being the diameter. 

Cor. — If AB be greater than A C, the circle BB, must inter- 
sect Lexell's circle, and there wUl be neither a maximum nor a 
minimum ; but if AB be greater than AC, AB + AC wiU be 
greater than AA ', or b + c greater than tt. Hence, if i + 1; > ir, 
there will be neither 



Trigonometrical Solution (Neubeeo's). 

1°. Wc have, by Cagnoli's formulae (361), (352), 

sin(^ -.£') = sin^cot^J cot^f'. 

If cotjicot^o 1, or J + 0I8O, 

sin E may have any value, and then mn^A ~ £) may be found, 
and the triangle is possible. Hence there is neither a 
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LexelVs Theorem. 



we have A — S = H, and the triangle becomes a lune formed 
by tte circle C'AC, and the greater circle tangential to 
Lexell'a circle in C. 

3°. If cotji.cotic< 1, or h--rC<Tr, sin i^ is no longer 
arbitrary. In order that s\-a{A - E)<1, sin ^ must be 
<tan^itanjc. The masimum of ^ eorresponds to sin S 
= tan^i-tanjc, and then 

A-E='^, or A = B+C. 



EXBECISES . — XXVI. 

1. Conetiuct a lune equal in area to a giTen triangle {makeuae of Leiell's 
circle). 

2. ConBlruct \j meanB of Lesell's theorem a triai^le AB\Ci equal in 
area to a giyeu triangle ABC, and having two given aides Si, ci. 

3. Construct on the side BO of a given triangle ABC an equivalent 
isoacelea triangle. 

4. Convert a triangle ABC into an equivalent iaoBceles triangle, having a 

6. Transform a Bpherieal polygon ABODE into an equivalent Bphericat 
triangle, 

[Employ Lexell's circle in the same manner aa parallel lines are employed 
in tte corcGsponding question in Btsse Geometry.'] 

6. Being given a spherical polygon ABCDE, if the sides be produced In 
the same sense, and with each vertex as pole, an are of a great circle be 
described, limited by the sides of llie corresponding exterior angle of the 
polygon, prove that the total figure thus formed is equal in area to a hemi- 

7. Being given A and E, prove that, if a 
We have siQ.E=-"~ 



Hence, from the required condition, sin \b sin J ( 
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nja is oonafant (5 32, Cor. 2) ; therefore coajiooajc 
BeoJjBe<ii« = V'(tani»~tanio)' + (l + tonJitaji^e)= 

mm. Hence S = c— (NEUBERe.) 

Lg given ^ and E, prove that if 5 + c ' 



.nK» + ')- 



inJSl. 



.nj. 



i). If ji5(7, ABD be two sphetioal trianglea of equal a 
side of the common base AB, prove ttat 



Bini^S.sinJCIt + eos 


MC. 


MsiBD = cos^AD.cMi£G. 




or mi, 


limmn of £, being given ^ and i 4 , 


. «.tSi.at5. 1 ^^|_, 


l>n 


2cO=H* + «) ) 1 , 




03i(i-.)-cosJ(*+Ot«m^ 




3cc 


>8i(J + .) ^ 



H H* + "^j < 90', then cos J (i - c) - cob 4 (* + ")> 0, and the minimum 
of cot S or the masimum of JE corresponds to cos ^ (i — o) = 1 or to i == c. 
If J (* + c} > 90°, in the colunar triangle ^'5(7, ^ (i' + n") < 90"; and since 
A and b + c are constant in ^B(?, ^ and ¥ + e' are constant in BCA'. 
Hence the area of BGA' is a maiimum. when b' = c'; and therefore when 
i (* + (^) > 90°, the area of J-BC ia a minimum when b = e.—{Ibid.) 

11. If £= -, provethat 008^ = -001^4 cot Jc. 

12. If he a point such that the areas of the trianglea AOB, BOO, COA 
are equal, prove that 

OA OB Oa . I , E\ . I M\ 

13. In tlie same case prove that the small circle passing through the 
antipodes of 0, and the extremities of any side of the spherical triangle, 

nangle = £v3- 
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CHAPTER TI. 

SMALL CIRCLES OH THE SPHERE. 

SBCTIOIf I. COAXAI ClBCLES. 

92. Ifattwrcofa great eircU passing through a jited point 
iMt a small circle X in the points A, B, tan ^ AO . tan J- OB is 
constant . 




Dem. — Let P be the pole of the small circle. Join OP. Let 
faU the perpendicular JP(7; then, from the triangles ^ CP, OOP, 
wo have 

cos ^(7 cos^P 

cos CO '^ C03 OP' 

HoDce iaiii(AO+ CO)tani(^C- CO) 

= ta.niiAP + PO)tmi.i{AP~PO); 
or, denoting the radius of X by p and OP by S, 

tan f OA . tan ^ OB = tan ^ (p + 8) tan ^ (p - 8}. ^395) 
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100 Small Circles on the Sphere. 

Dbf. XSTII.— y^e product Un^OA. tan ^OS is called the 
tpherical power of 0, with respeet to the oirele. It is positive or 
negative, according as is exterior or interior to the circle. 

Cor. 1, — If 8 be the distance of a point from the pole of a 
amEtU circle, radius p, the ephericai power 



Cor. 2. — If from any point outside a small circle two area 
be drawn to it, of which one, 01), is a tangent, and the other 
a secant, meeting it in the points J, B ; then 
tan' J OD = iB.u^ OA-tan^OB 

93. If two small circles cut orthogonally, the plane of etther 
passes through the vertex o} the cone, ioachmg the sphere along 
the other. 




rig. 36. 

Dem. — Let the circles be X, T; 0, 0' their spherical centres, 
A, B their points of intersection; then it is evident that the 
tangent line to the are -iO is in the plane of Y, and that 
it passes through the vertex of the cone, which touches the 
sphere along the circumference of X. Hence the proposition 
is proved. 

Cor. — If any number of circles on the sphere have a common 
il circle, their plaaes pass through a common point; 
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Coaxal Circles. 101 

and converBely, it the plaaes of any nimilier of circles pass 
through a common point, they have a common < 
circle. 



94. If the planes of a system, of circles 8 hm 
L of intersection, the eiroies 8 have an infinite number of eommon 
orthogonal circles. 

Dbm, — Take any point P in the line L, and through it draw 
tangent lines to the sphere ; these will touch along a circle 
which (§ 93) cuts each circle of the system 8 orthogonally ; 
and since the same thing holds for each point on L, we have an 
infinite number of circles forming a system 5', eaet of which 
cuts each circle of 8 orthogonally. 

Cor. — The planes of the circles of the system 8' have a com- 
mon line of intersection. 

I'd, take any two of them, say P and Q. JTow (§ 93) tlie 
plane of each passes through the vertex of each of the cones, 
touching the sphere along the circles of the system 8. Hence 
the vertices are collinear, and the plane of each circle of S' 
passes through the line of collinearity. 

Dbf. XXVIII. — A system nf eireles 8, whose planes pass 
through a common line L, is called a coaxal system. 

Dep. XXIX.— 2Ki' et'rclc of the system S, whose plane pmses 
through the centre of the sphere, is called the radical cieclb of the 
system, 

Dbf, XXX. — If through L two tangent planes be dt iwn to 
the sph^e, their points of contact, regarded at infinitely small 
eireles, are the limiting points of the system 

. Cor.— Each circle of the system 8' passes through the kmitmg 
points of ;S. 

98. IfX, Y, Z he three circles of a coaxal system, and from 
any point P in X tangents PT, FT' he drawn to Y and Z; then 
sin iPT : siniPT' in a given ratio. 
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102 Small Circles on the Sphere. 

Dbm. — Let 0, <y be the spherical centres ol Y, Z. Join OP, 
(yP by arcs of great circles ; thea, if the radius of the sphere 
be unity, the perpendicular from P on the plane of Y= cos OT 
-COB OP ^ cos OT - cos OT. cos FT = cos OT. 2 sin^J/T, 
Similarly, the perpendicular from P on the plane oi Z= cos 
0'T.2mx?iPT'. But sincetheplanesof Z, r,2'aTe collineax, 
the perpendiculara have a given ratio. Honco the ratio of 
cos OT.aiR^PT: cos O'T' . sin" \PT' is given, and OT, OT' 
are given, being the spherical radii of T and Z. Hence the 
ratio of sin JPT : sin ^PT is givon. 

Cor.—li PT= PT\ the locus of P is the radical circle of the 



Exercises.— XSVII. 

1. The radical circles of three email circles taken, in pairs are concurrent. 

2. If there he a coaxal system of oirolea S, and a cirdo .X distinct from 
it, then the radical circles of X, comhined with each circle of S, are concur- 

8. If through a point on the radical circle of two small oiceles wo draw a 
spherical secant to each, the four points of intersection are conoyclic. 

4. Through two points of the sphere descrihe a small circle touching 
a given great circle. 

5. If through a fixed point A we draw a great circle, cutting a given 
small circle in the points B, C, and if a point D be taten on it, such that 
tan'J^J = tan'JJ)£.tan'ii)C', prove tliat the locus of .0 ia a great 

6. If X, Y be two small circles ; iT, FT two tangents to them from a 
point P, prove that the locus of P is a circle, if m cos Pr + n cos FT be 
constant, m and n being given numbers. 

7. The locus of the poles of small circles, intersecldng two small circles 
X, Y at the extremities of two spherioal diametera, is the radical circle 
of X, Y. 

8. Describe a circle cutting three email drcles at the eitremities of three 
spherical diameters. 
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Centres of Similitude. 103 

9. If two rectangular secants inttrsecting in M cut a small cirde in the 
paira of points A, B; G, B, prove that 

tan^JIW + tan^WJ? + tan'^itff + tan=JJfD := - ^"°''' ■■■■. (397) 

wheraSiBtiediatanceof^ from the pole of the email cirele. — (Neubbks.) 

10. If from any poiniPof a great circle jlfPtangentePr,??' be drawn 
to a small oirele, prove that tsn \ MPT . tan \ MFT is constant, 

11. The difference of the cosines of the tangent arcs, drawn from any 
point P on the surface of a sphere to two email circles X, F, is propor- 
tional to the sine of the perpendicular drawn from J" to the radital aiis 



Section II. — Cbktees of Similittibb. 

96. Bef. XXXI. — Two poinU, 8, S', which dwide the arc 
PF", joining the poha of tico small circles T, Z externally and 
internally in the sphsrieal ratio of the sines of the radii, are called 
the centres of similitude of the small circles. 




fig. 37. 

Cor. — Common tangents to the small circles pass through the 
centres of similitude, viz., the direct common tangents through 
the external centre, and the inverse common tangent through 
the internal centre. 

Def. XXXII. — If through a centre of similitude tae draw a 
secant cutting the eirohs, then the pairs of points M, M' ; N, N' 
are said to he homothetio, and M, W ; M', N are inverse. 
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104 Small Circles on the Sphere. 

97. iy the secant through a centre of similitude S meets the 
eirclei in the homothetic joints M, M' ; then tan ^ SM: tan ^ SM' 
in a gwen ratio. 

Dem. — From tlie definition 

sin SP : sin PM : : sin SP : sin P'M. 
Hence it follows that the angle SMP = SM'P'. 

Kow since the triangles SMP, SM'P' have two angles in one 
respectively equal to two angles in the other, it follows from 
the third of TTapier's Analogies that 

tan iSJf: tan ^SJT : : tan ■} {SP + PM) : tan i {SP' + P'M'); 
that is, in a given ratio. Similarly, 

tan i SiV : tan i 8N' in a given ratio. ( 398) 

Cor.— 
tan i SM. tan ^ SW is constant, as also t-an ^ SN . tan i SM. 
This follows from g§ 92, .97. (Compare Sequel, Prop, ii., 
page 83. 

Cor. — If there be given a point 8 and a circle Y, and on 
the arc jSJf joining S to any point Jf on T a point JV' be taken, 
such that tan ^ SM. tan J SiV' is constant, tho locus of iT is a 
circle. 

98. 2%e six centres of stmthtude of three small circles talen *« 
pairs lie three ly three on four great caclfs called axes of stmih 
titde of the small circles 

Dem.— If a, b, c he the radix if the circlei 4. B G their 
spherical centres, A'B C the inti.mil centres n£ 'Similitude 
and A"£"<y' the extem-il then we have hv definitions 

{AB, C") = a^h, (BC,A") = b^c, {CA,B") = e-ra. 
Hence {AB, C") . {PC, A") . ( CA, £") = 1. 

Hence (§ 70) the points A", S", G" lie on a great circle. 
Similarly, it may be shown that any two internal centres and 
an external centre lie on a great circle. 
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Centres of Similitude. 105 

Cor. 1 — If a variable circle touch two fixed circles, the great 
circle passing through tho points of contact passes through a 
fixed point, namely, a centre of similitude of the two circles ; 
for the points of contact ate centres of similitude. 

Cor. 2. — If a variable circle touch two fixed circles, the 
tangent drawn to it from the centre of simUitude, through 
which the chord of contact passes, is constant. 

99. Def. 5XXIII. — Being given a fixed point 8, and any line 
whatever, y, on the sphere, if vpon the arc of a great eirole joining 
S to any point Mofya point M' he taken, such that tan J BM : 
tan i SM' in a given ratio, the locus of M' is said to he hotno- 
iheiic to y. 

jyEv.XXXl^.—If M' ie taken, suoh that tan ^SM.tan\SM' 
is constant, the locus of M' is called the inverse ofy. 

This metliod of inTeraion waa first employed in tbe Anltor's MemiAr on 
CyeUdes and Sphero-guarCks. (Read before the Koyal Society in 1871.) 

EsEacisEs.— XXVIII. 

1. If two smail tiroles touch, two ofherg, the radical aiia of either pair 
passes through a centre of similitude of the other. 

2. The figure homothetic to a circle is a circle. 

3. The icTerse of a circle is a circle. 

4-5. S heing the centre of similitude of two circlea ; Jlf, JV two iovecae 
points on these circles — 1°, the timgcnts at .If and A^ intersect on the radical 
aiis ; 2°, these points are points of contact of two circles touching the two 
given circles. 

6. The angle of ioterscclion of two eirelos on the sphere is equal to the 
angle of intersection of the circles inserse to them. 

7. Any two circles can be inverted into two equal circles. 

8. Any three circlea can be inrerted into three equal circles. 

9. If two circles be the inverses of two others, then any circle touching 
three of them will also touch the fonilLh. 
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Small Circks on the Sphere. 



10. If two points be He inverses of two other points, the four points are 
coney clic. 

11. If ttrough the centre of similitnde 8 (see fig., § 96) another great 
circle he drawn, intersecting the circlea Y, Z vn the points p, /x'; r', f, cor- 
respoading to fie points M, M', S', If, the systems of points M', If', fi, r' ; 
!K', If, fj.', y ; M, S', ix', r ; M", N, n, r', are each concyclie, and the 
plan^ of the four circles pass through a common point. 

12. If a variahle circle on the sphere touch two flied circles, the sine of 
its radius has a constant ratio to the sine of the perpendicular drawn from 
its spherical centre to the radical axis of the Used circles. 

13. If a variable circle touch two fised circles, lie ratio of the aines of 
half tie tsogenta drawn to it from the limiliDg points is constant. 

14. If a variahle circle touch two fixed circles of a coaxal system, it cuts 
any circle of the system at a constant angle. 

15. The inrerEe of a coasal system is a coaxal system. 

18. The inverse of a system of great circles passing throiigh two common 
points is a coaxal system. 

17. The inverse of a system of small circles having a common spherical 
oentre is a coaxal system. 

Section III, — Poles and Polahs. 

100. LeiiMis. — If the segment AB he karmonieallj/ divided m 
thepoinis C, D; and E the middle point ofAB; then 

1°. tart^EB = tan EO . tm ED. (399) 

2". o)tAS = i{cotAC + cotAB). (400) 



A, 




C ~~~~ 


■~~~P 


For, by definition 




Fig. 38. 

nCA sbiBA 
n CB sia DB ' 




sin 


CA- 


sin CB sin DA - 


smBB 
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Poles and Polars. 



ton_E£ 



tag .g-g 



aiAB-AB). 
BduAC&mAl),^ 



Hence the proposition is proved. 
To prove 2° — We have 

sin 50. sin -4-0 = sin 
or sin {A£ -AC) sin AD = sin 

Hghcc, expanding and dividing by 
get 

cot ^ C - cot AB = cot AB - cot AD, 

or cot ^-S = i (cot ^ C + cot AD). 

Dbf. X5ST. — .Be*m^ ffwen a small circle X, spherical centre 
P: if C, D be two points dividing the sphericai diameter AB 
harmmically, an arc DI/ of a great circle through one of these 
points, D, perpendicular to the diameter AB, is called the harmonic 
polar of the other, C, and C is called the harmonic pole of the are 

Biy. 




101. The arc of contact oi BphericaJ tangents, drawn from 
an exterior point D io a small circle X, ia the harmonic polar 
oiD. 

DBK.—The right-angled triangles DEP, ECP give 

„„^ tan^P tan CP 

COS DPE = i =^ = ==. 

tan DP tan EP 
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108 Small Circles on the Sphere. 

Hence tan'^P or tsu^JSA = tan DP. tan CP; therefore the 
points C, D are harmonic conjugates to A and Ji ; and there- 
fore, &c. 

102. If a spherical clwrAAB of a small circle Xpass through a 
fixed point C, the looua of the intersection of tangents A3, BD is 
the harrrmnio polar of C. 




Pig. 40. 

Dem. — Let P be tho spherical centre of X Join PB, PA, PC 
by area of great circles, and let fall 'the perpendicular BF 
oa PC, produced if necessary. Ifow because in the spherical 
quadrilateral BECF the angles E, F are right, we have, equa- 
tion (134), 

tan PC . tan PJ" = tan PE. tan PT).= \i^PA. 
Hence the proposition is proved. 

Cor. 1, — If a variable point move along an arc of a great 
circle, its harmonic polar passes through a given point. 

CiM-. 2.— If C be a fixed point in a small circle X; AC, CB 
any two arcs of great circles at right angles to each other; the 
chord -4P passes through a fixed point. 
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109 



Dbm. — Let Y be the circumcircle of the colunar triangle 
AC'B, and 0(y the spherical centres of X and T; aad sine* 
the angle C is right, the circles X, T cut orthogonally ; there- 
fore A(y, O'B are tangents to X. Hence AB is the polar of 




0', with respect to X; and since O'A = ffC, the locus of O' is 
the radical axis of the circle X and the fixed point C ; and 
therefore AB, the polar of <y with respect to X, p^ses through 
a given point. 

103. Every secant (OA) passing through a given point is cut 
harmonically iy the circle X a/nd the harmonic polar of 0. 




Fig. 42. 
Dek. — Let BC he the polar of 0, and let the e 
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110 Small Circles on the Sphere. 

perpendiculara from A on tho sides CO, OS, BC of tie triangle 
OBC be denoted by x, y, %; and the sines of the p 
from A' by xf, y' , z', respectively, then, wc have 



x: 


%:: si-D OCA :sm ACS; 




that is, X : 


z::dn{S-Sj: sin C. 




Similarly, y : 


s:: smiC-E) :sin-B; 






n{5-^)aiii((7-^) 

sin 5 sin f ^°^ ^^• 




In like manner, 


$:^cosH«. 




Hence 


^:^y'::%':^''; 




but 






xy : *y : : sin' OA : 


sin'OA', and a': s" : : sin' AN : 


^m'A'N 


.: ^mOA: OA':: sin A^ ism NA'. 


(401) 



ExBscisEs. — XXIX. 

1. H four points A, B, C, H lie on a great circle o, their anhannonio 
ratio is equul to tliat of tiieir harraonio polais, with respect to any small 
circle X. 

For if be the spherical centre of X, J* the harmonic pole of a, tie 
pecpendiculars from P on the circles OA, OB, 00, 0I> wiU be the harmonic 
polaraof^, S, C-O, and will pass through the poles A', B', tT, D' of the 
great oireles OA, OB, OC, OB. Now it is evident that 

(P- A-B-C'I)-) = {A'B'CD-} = (0 - ABCJ)) <= {ABOD). 

2. If A, B, C, S be four poinlB on a small circle X, and if the arcs 
AB, BC, OB, BA be denoted by a, i, e, d, respectively ; then if P he any 
variable point on X, the anharmonio ratio 

{F-ABCB)=sm\a.sm^e^sialb^^d. 

For if the perpendiculara from P oaAB, BC, &c., he a, j8, &c., and the 
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Poles and Polars. Ill 

staudtianB of the triangles PA£, FSO, PCD, PDA teing denoted by 



= Bin^aEia^(!TsiaJ*.aiiiJrf (equation (343)). (402) 

3. li A,B, C,I> te four points on a email circle X, the spherical triangle 
whose summits axe the poinla of interaeotion of the aica AB, CD ; BC, DA, 
and CA, DB, is such that each side is the harmonie polar of the opposite 
vertes. This is called the harmonia triangle of the four poiota. 

4. The hannooic polara of any point on the radical circle of two small 
circles with respect to these circles intersect on the radical circle, 

5. If X, y are two small circles, Z a great circle perpendicular to the great 
circle passing thiongh the apherical centres of X, T, the harmonic polars of 
any point of Z inferaeot on a great circle. 

6. If a spherical ([uadiilateral be inscribed in a small circle (X), and at its 
angular points arcs of great circles be drawn touching X, their twelve points 
of intersection Ee four by four on the sides of the harmonic triangle. 

7. Pabcal'b Theorem.— If a spherical hexagon be inscribed in a circle, 
tbe opposite sides intersect in pairs on a great circle. 

8. A, B, C; A', B' , C, are two triads of points on two great circlea ; 
prove that the intersections of the three pairs of arcs AB', A'B ; BC\ B'C; 
CA', CA lie on a great circle. 

9. Salmon's Theorem. — Given any two points A and B and their bar- 
mooic polars, with respect to a amall circle X, whose spherical centre is 0. 
Let fall a perpendicular ^Pfrom A on the polar of B, and a perpendicular 
BQ from i( on the polar of A ; then, if A', B' he the harmonic conjugates 
of A, B, with respect to X, prove that 

cos OA : cos OB:: fin OA' sin AP : ma OB' sin BQ. 

10. Beianchon's THEOftEM.— If a spherical hexagon be described about 
X small circle X, the three arcs joining the opposite angular points are 
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112 Small Circles on the Sphere. 

SbCTIOM IV. — MUTtTAL POWEE OP TwO ClECLBS. 

104, If a, p, y be tlw arcs conneeting any point P to the ver- 
tices A, B, C of a trirecfangular triangle, then eo»^a + coa' p 

Dem. — Since the triangles PAB, PAC are quadrantal, we 
have, from (equation (154), 

COS S = sin a COS BAP, cos v = sin a cos CAP. 




Cor. — If X, y, z be the perpendicuhirs from P on the aides of 
the triangle ABC; a;, y, s are respectively equal cob a, cos ^, 
cosy. 

105. If a, /3, y, a', ji', y le the angular distanies (fig. 44) of 
two points P, P' from the vertices of the trireolangnlar triangle 
AB C ; then cos PP' = cos a cos of + cos /3 cos p' + cosy cos /, 

COS PP'= cos a cos a' + ain a sm a' cos PAP' = coaa cos a' 

S- 5inasina'(co8P^CooBp'^C+BinP^C'sini"^C) 
= cos a cos a' + cos /3 C0S|8' + cosy cosy (equation (154)). 
(404) 
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Fig. a. 

Def. XXSVI. — The product of the cosines of the spherical 
radii of two circles, subtracted from the cosine of the arc joining 
their spherical centres, gives a remainder, which is called the 
mutual power of the two circles.* 

If the circles be denoted by letters witli sufSxes, ■we shall 
denote their mutual power by the suffixes. Thus the mutual 
power of the circles *„, ip shall he denoted by a/3. 

106. Frobenius's Theorem. — If s„ Si, sj, s,, s,; s,', s,', «/, s/. *s' 
be any two systems of five circles on the sphere ; then 



21', 22', 23', 24', 25' 



41', 42', 43', 44', 45' 
51', 52', 53', 54', 55' 



Dem. — Let :c„ y^, s„ &c., denote the normal co-ordinatea of 
the centres of the circles, with respect to a fixed trireotangular 

5 due to DAEnoux, 
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&e., their spherical radii ; then, multiplying 


, COS., 


■ 0, *i', yi', ss/, -eoan' 




. cosr. 


. 0, x^, y^, %,; -coarj' 




, cosrs 


■ 0, «/, y/. sj', -oosr/ 




, cosri 


0, V, y*', ^4', -cosri' 




. COSTs 


0, X^', J-j', V, -GOSTi' 





the determinanta 



the propositiott is evident.* 

107. If the angle o£ intersection of the circles s„, s^ be 
denoted hy a/3, it follows at once, from equation (13), that 
the mutual power (a^) is equal to sin ra . sin r^ cos aj3. By 
this substitution, equation (405) is transformed into 



cos 11', 




12', 


cos 


13', 


cos 14', 


cos 15' 


COB 21', 




22', 


cos 


23', 


cos 24', 


cos 25' 


COS 31', 




32', 


cos 


33', 


cos 34', 


cos 85' 


cos 41', 




42', 


cos 


43', 


cos 44', 


cos 45' 


cos 51', 




52', 


cos 


53', 


cos 54', 


COB 55' 



108. If the second system of circles coincide with the first 
ve have, for any system of fiye circles on the sphere. 





1, 


cos 12, 


08 13, 


cos 14, 


cos 15 








cos2l. 


1, 


08 23, 


cos 24, 


cos 25 








cos 31, 


cos 32, 


1, 


COS 34, 


COS 35 


= 0. 


(407) 




cos iT, 


cos 42, 


OS 43, 


1, 


cos 45 








cos 51, 


cos 52, 


OS 53, 


COS 54, 


1 







* This theorem, is the fundainentsl one in a. Memoir by IIebk G. Feo- 
BENius, "Anwendungen der Deteiminantentteorie auf die Geometrie dca 
Mnaasea." Ckehe'h Joarnal, Band 79, pp. 185-245, for the year 1875. It 
is also given in the Fhilosaphkal Transaetions, vol. 177, part 2, for the year 
1886, in a Memoir by E. Lachlin, b.a., " On. Syatema of Circles and 
Spheres.' ' 
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Cor. 1. — The eonditioa that four circles should be cut ortho- 
gonaUy by a fifth is 



1, cos 12, 003 13, 
cos2r, 1, cos 23, 
cos 31, cos 32, 1, 



.s41, 



s42. 



a 43, 



For in this case cos 15, cos 26, &c., vanish. 



Cor. 2. — The condition that four circles should be tangential 
a fifth is 



0, siii=J-12, sin'JI3, sin'i I 

sin'i2r, 0, sin^23, sinHS^ 

sin'J 81, miH 32, 0, sin^ 3 

smHiT, wtfi42, Bin=J43", 



For if the circle Se touch each of the circles »i, *2, »j, «4, 
cos 15, cos 25, &o., become each equal to unity, and SKbtracting 
each of the four first columns from the last, we get the result 
juet written. 



109 If ( b th f great circle which is 

tang t f tw m II 1 whose spherical radii are *■], ri, 
and ngl ft t n ^ then it may he proved by equa- 
tion (13) th t th m t 1 p wer of the two circles ia equal to 
sin r n 2 u'^^uj and equating with the 

value sm fi sm r, cos >j),i of g 107, we get 



^,1 = sin' ^ i,i , cot c, cot rj. 



(410) 



Hence in the determinant (409) the sines of half the angles of 
intersection of the circles s„ s,, Sj, s, may be replaced by the sines 
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of half their commoa tangents, and denoting for Btortness by 
12 the sine of half the common tangent of the circles Si, Sj, the 



which, expanded, is equal to the product of the four factors 

12.34 ±23.i4 i 31.24 = 0. (412) 

This theorem was first puhlished in the Proeeedings of the 
Royal Irish Academy, in a Paper by the author " On the Equa- 
tions of Circles," in the year 1866. 

110. If S|, «j, «,, Sj be a system of four great circles, and 
*/i h% Sj'i "4' four other circles (great or small), then 



31', 32', 
41', 42', 



This is proved like Frohenius's theorem by multiplying the 
two determinants {^i, y^, b,, cos r,), (^i', y^, s'„ cos r/), the first 
of which vanishes ; since r,, rj, r^, u, being the Bphorioal radii of 
great circles, are each equal to a quadrant, and their cosines 
vanish. 

111. If the second system in § 110 be great circles, and coin- 
cide with the first, we get, since tie mutual power of two great 
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117 



circlea is equal to the cosine of the are joining their poles, a 
relation identical with equation (408) for the sis arcs joining 
lour points on a sphere 12, &o., denoting in this case the area 
joining the points I, 2, &c. If the three first points he the 
Tertioes A, B, C ol & spherical triangle, and the fourth any- 
arbitrary point J), whose distances from A, B, C 
by Q, p, y, respectively, we get— 



cose. 


COS J, 


cos a 


1, 


cos a, 


cos^ 


coso, 


1, 


cosy 


oos/3. 


cosy, 


1 



112. If the first three circles of the second system in § 110 
coincide with the first three circles of the first system, and 
the poles of these circles he the angular points of a spherical 
triangle ^-BO. Also, if*/ he a great eirde distinct from «„ 
and the distances of the poles of these circles from the points 
A, B, C be a, ^, y; a', ^', ■/, respectively, and 8 the arc 
joining their poles, we get — 

1, cose, cos h, cos 



ExEKCiSEs. — XXS . 

1. The incirclea of a triangle and its oolunar triangles taTe a fourth 
common tangential circle.^ — (Hart.) 

For if fl, i, c be the sides of tHe original triangle, the direct common tan- 
gents of the ineireles of file colunar triangles are(i + i!), [e + a), {a + *), 
reapeetively ; and the transyerse common tangents of the incircle of the 
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118 Small Circles on the Sphere. 

original triangle and incircles of tolunar triangles are (i — c), (« — "), (o-*)- 
Henee (see Art. 108) we have 

23^,mi{i + c), ai^siniic + a), 12 = sin J («+ 6), 

H=fl!n4(4 + o), 2* = sini(.-«), 35 = aiii^{<i + J). 

Heace the condition (412) is fulfilled. 

2, Prove ttat (be mntual power of two ciielea is equal to the mutual 
power of two circles inverse to Ihem. 



neoted by the relation 



e noimal co-oiiJinates of a point 
irioal triangle ^^C; pro- 



m the Ephere, wiH 
■ that they are con- 



In the equation {414), Ait. HO, let lie triangle ASC be replaced hj its 
Bupplemenfal triangle, while tho point D retains its position. 

4. If a, &, e be the mutual distances of the spherical centres of three smaU 
drclea whose radii are ri, rj, ra ; prove that if rbe lie radius of b. cirole 
cutting tbem orthogonally, 
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CHAPTEE Vn. 



Sbctioh I.— Inversion in Space . 



113, Dbp. XX'K.YII.—Seing given a fixed point 8 and a 

it/Btem of points A,B, C if upon the right lines SA, SB, 

SC a system of points A', £', C . . . . h determined by the rela- 
tion 8A.SA' ^ iS-B.S-B'= SC.SC, Sfc. = constant, say ^, the 
tiBo systems A,B,C... A'B'C .... are said to he inverse of 
each other. The point S is called the centre of tj 
sphere whose centre is S and radius h, the sphere of in 



to a plane is a ^here passing through 




Fig. 45. 

Bem. — From S draw the right line SA perpendicular to the 
plane P, and in B draw any line AS through A ; then {Sequel, 
Prop. XX., p. 41), the inyeree of the line AB is a circle SA'B' 
passing through S. Now, if the whole figure^ consisting of the 
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120 Inversions. 

line J.B and the circle 8A'£', turn round tte line SA, the line 
A£ win descriije the plane P, and the circle 8A'£' will deacrihe 
a sphere, which is the inverse of the plane. 

Cor. 1.— The inverse ol a sphere passing through the centre 
of inversion is a plane. 

Cor. 2. — If »i', n' be the inverses of the points m, n, then 



Sm'. Sn'' 



(417) 



This follows from the triangles Smn, Sm'n', which are evidently 
similar. 

115. I%e inverse of a sphere which does not pass through the 
emire of inversion is a sphere. 

Dem. — If Xhe any circle coplanar with 5, its inverse will 
be another circle X', coplanai- with 8 and X, and S will he the 
centre of similitude of the two circles [Sequel, Prop, i., p. 95) ; 
then, if the figure consisting of the two circles he turned round 
the line through the centres of both circles, the spheres described 
will he inverse to each other with respect to the point S. 

Cor. I — The inverse of a circle with respect to any point in 
space is another circle. 

For the first circle may be regarded as the curve of intersec- 
tion of two spheres ; its inverse will he the curve of intersection 
of the inverse spheres. 

Cor. 2. — The cone which has for base a small circle of the 
sphere, and vertex any point, cnta the sphere again in another 
circle. 

EXEKCISES.— XXXI. 

1 . The locus of a point, from whicli two unequal spheres can be inverted 
into tiro equal spheres, is s, sphere. 

2. The Idous of a point, from wtiicli three unequal spheres can be iuverteii 
into Qaes eqnal spheres, is a circle. 
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StereograpMc Projection. 121 

3. Ddppis' Tueokem. — If a variable sphere touch three fixed spheres, 
the locus of its point of contact witt each fixed sphere is a circle. 

For if a variable sphere be inscribed in a trihedral angle, the locus of its 
point of contact on each face of the trihedral is a right line ; and when we 
invert, the planes become spheres, and the right lines circies. 

4. Prove that four unequal spheres can be inverted into four equal 

Sectioit II. — SiEBEoeEiPHic Pbojeciion. 

116. Dep. SXXVIII. — StereograpMc pry'eetion is the draw- 
ing of the eireles of the sphere upon the plane of one of its great 
circles {called the plane of the primitive) ly lines Ararenfrom the 
pole of that great circle to all the points of the circles to le pro- 
jected. 

It is evident that tte plane is the projection in space of the 
sphere, the value of the constant A' heing 2E'. 

117. The stereographic pr(Qeotion of any circle is a Hrele. 
This follows at once from § 115, Cor. 1, but we here give 

an independent proof. 

Deu. — 1°. In the ease of a amaU cirele. 

Let Pm be a generator of the cone, touching the sphere along 



Fig. 46. 
the given circle, and let I", m' he the projections of the summit 
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Inversions. 



of the coce, and of the point m of the circle, on the plane of the 
primitive Let be the pole of the primitive, and lot I'm 
produced meet a tingent plane to the sphere at in T; then, 
since the plane of the primitive and the tangent plane at are 
p'lrallel, the plane OmP outs them in parallel lines (Boc. XI., 
svi ) Hence the angle P'm'O is equal to m'OT; but the angle 
m'OT IS equal to OmT, since the tangents mT, OT are equal. 
Hence the angle P'm'O is equal to the supplement oi FmO, 
and the angle is eommon to the two triangles PtrtO, F'm'O ; 
therefore OF : Fm : : OF' : F'm' ; and since the three first terms 
of this proportion are given, the fourth, F'm', is given. S'enee 
Ike locus ofm' is a circle whose centre is colUnear with the pole of 
(he primitive and the vertex of the cone. — (Chasles.) 

Cor. — If the cones circumscribed to a sphere along a system 
of circles have their vertices in a line passing through the pole 
of the primitive, their stereographic projections is a system of 
concentric circles. 

2°. In the case of a great circle. 

Let A be the pole of the primitive, and let the plane of the 
circle AIB be perpendicular to the line of intersection of the 




plane of the primitive with the plane of the circle to be pro- 
jected, and let it intersect the plane of that circle in the line 
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EF. Let IC be perpendicular to AB. Join AE, AF, inter- 
secting IC in the points G, B. ITow, since QAH is a right 
angle, and ACis perpendicular ta GM, the angle AHG = GA C 
(E0O. TI. ■vai.)^AEC (Etjc. I. t.). Hence the triangles EAF 
and HAG are inTcrsely similar, and therefore the section made 
by the plane of the primitive with the cone, whose vertex is A, 
and -which stands on the great circle EF, is an antiparallel 
section. Hence it is a cirde. 

Cor. 1. — The projootions of the poles P, Q of the great circle 
EFwill be inverse points with respect to its projection. 

Cor. 2. — If the plane o£ a small circle be parallel to the 
plane oi EF, the projection of P and Q wiil he inverse points 
with, respect to its projection. 

Cor. 3, — A system of small circles, whose planes are parallel, 
will project into a system of coaxal circles. 

Cor. 4. — Every circle whose plane passes through the pole 
of the primitive is projected into a right line, 

118. The angle made hy any two eirdes o« the sphere u equal 
to the angle made hy their profeetions on theplane of tJie primitive. 

Bem. — Let be the pole of the primitive, M the point in 
which the circles intersect ; and let MT, MV the tangents to 
the circles at M, meet the tangent plane to the sphere at in 
the points T, V. Join OT, OV, TV; then evidently the angle 
TMV= TOV; but since the tangent plane at is parallel to 
the plane of the primitive, the lines OT, OV are parallel to 
the projections of the lines MT, MV. Hence the angle TOV'k 
equal to the angle between the projections. 

Cor. 1. — Any circle wiiose plane is perpendicular to the 
plane of the primitive is projected into a circle orthogonal to 
the primitive. 

Cor. 3. — A system of coaxal circles on the sphere is projected 
into a system of coaxal circles on the plane of the primitive. 
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For a system of coaxal circles on the spliere ia intersected 
orthogonally hy a system of circles passing through the two 
limiting points {§ 94). Hence the projections are intersected 
orthogonally by a system of circles passing through two points. 

119. AppUeations to Spherical Trigonometry/. 

Let ABC he a spherical triangle, AB'G a colunar triangle ; 
then, if 0, the pole of the piimitive, be the aatipodes of A, the 
sides ABf A C, AB' will project into right lines ah, ae, ah', and 
the circle BCB' mto the circle hch'. Join Ic, cb' ; then the 
angles of the figure formed by the lines ah, ae, and the arc he, 
are respectively equal to the augles of the spherical triangle 
ABC (Art. 1 17) , hut the sum of the angles of the rectilineal 
triangle ahe is two right angles, hen&e the sum of the angles 
formed by the arc Jt with its fhord is equal to the spherical 
excess 2E; therefore one of them is equal to E. 




Or thus: — If a circle he described about the triangle ahc, the 
angle made by this circle with the are he is (§ 118) equal to 
the angle made by the circumcirele of the triangle ABC with 
the side BC, and this is equal to {A - E) (Exercises xxiii. 16) ; 
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and the angle made ty tbe circumcircle of aho with tlie chord 
Ic is ec[ual to A (Enc. III. xssn.). Hence the angle between 
the arc Ic and its chord is equal to E. 

Cor. \. — If the radius of the sphere he unity, the aides of the 
rectilineal triangle can be expressed in terms of the spherical 
triangle. Thus, evidently, 

ab = Ud.AOB = tsm^AB = t9.a ^ c. (418) 

<M = tan^OC=tan^.^C=tan JJ. (419) 

Again, he : ab : : sas. hao : ainaei : r sin .4 ; sin ((?-_£') ; 
.-. he : tanjc : : -. — r — ■— '■ :r- 



n J i . cos ^ e 



(420) 



cosiico3i<i' 
SimUarly, ^'^ " cos7l^eLic ^'^'^^^ 

The equation (420) may he got from equation (417) hy put- 
ting A' = 2. . Thus— 

2 chord .SO ain^g 

OB. OG ^cosiScosic' 
and (421) Irom (420), hy the substitution of § 78. 

Cor. 2. — If the angles of the rectilineal triangle ahe be 
denoted by a, p, y, we have 

a = A, p = B-E, y=C- E. (422) 

ExEEcrsKS.— XXXII. 

1. Prove the fundameatal formula (13) by etereograpliie projection. 
From the triangle ahc we have 

(fc)>. (,<.)■ + (.»)•- 2 MMra^, 
and Buhstitute from equations (413)-(420). 

2. Prove Napier's Analogies. 

taiii(S-7l se-ab 
We have """(I — '^ 1" 

And Bubstitute fcom equations [418)-(i22). 



Hosted by 



Google 



126 Inversions. 

3. Prove Delambre'a Analt^ies. 

From ale we have be = f'" + °*''^j° ^ (ag-a»)c03^a 
iind Bubstitute as before. 

i. Being given tbiee circles cin the sphere ; there are eight points on the 
sphere, any one of which, if token as the pole of the primitive, the three 
oireles will be projected into three equal circles. — (Steikeh.) 

5. 1an^£ = Vtaiiis.tan^(»-a)tani(i-*)taa^(s-«). 
Express tan ^ the angle ab'c, in terms of the sides of ab'e. 



7- To express the spherical excess of a spherical quadrilateral in feraxs o: 
its sides and diagonals. 




Let ABC'D be the qnadrilatenJ ; and denoting the sides and diagonals 
AB, DC, CD, DA, AC, BS by a, i, c, d, e, f, rospecfively ; then taMi^ 
theantipodesof .4 fertile pole of the primitive, the arcs ^J3, AB,ACvi!i 
project into rigjit lines ab, ae, ad; and the arcs BC, CD into arcs of circles 
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be, ed\ then drawing ii, ct tangents to be, and cm dw, tangents to erf, we 
haTe in tie plane hexagon aUcud the eum of the angles 

^ + 3+ (74 + ( + u = 4b; lut ^ + B + C4 J) = 2ir + 25; 
.-. 2£=2ir-(-«. 

Again, if the circles he, erf intersect again in e', c' is tlte Etereo^raphio 
projection of the antipodas. Hence the r^ht line en produced nill pass 
through c. Join be, be' ; dc, de', then the angle tbs = be c Hente te e is 
half the avipplement of i, and cc'd half the aupplement of « , 



2be'd 



= 2ff; 



. Ic'd^B. 



Now from the plane triangle be'd. 


we have 








si. 


^^bdd^^n^E = ^- 


c'+bd 




y-v 


). 




.ini/ „._ 


i^ 




, <&■ = 


eoi 


a. . 




i.5.co.ii' 


cosi<i 


sin^^' 


.■. sin=i^ = 














(sii.J..sinJ/+c 


-J"""*-™*'" 


,irf){« 


Q^sil 


iJf-< 


^os^a<!< 


)s§.+ eoM4cosK) 




4o»}.ra 


J* cos 


i.eos 


id 






S. If a spherical quaiirilateral be 


1 cyclic 


:, proT 


ethat 








, .hJ(,-.|,i.J,, 


■-SJb 


iny.. 


-cjgi 


n*(,- 


:£! M,.> 



9. If the cyclic quadrilateral be dreninscribed to another oirele, prove 

ain=^B = tinjB.tan§itanic.taiiJrf. (425) 

10. Being given four circles in a plane, prove that the plane can be in- 
verted into a sphere, so that the four circles on the plane will be the 
Bfereographic projections of four equal cirdea on the sphere.— (Steineh.) 

11. If A', B', C be the Btereographic projections of the ai^ular points of 
the spherical triangle ABC ; and it the angles of the plane triangle A'B'G' 
be respeofively equal to those of the epherioal triangle, each diniiniahed by 
one-third of the spherical eseess, prove that the area dra.wn from A, B, Cio 
one of the poles of the primitive divides the area of ABG into liree equal 

Observaiiori. — The applications of Stereographio Projeetioi 
Trigonometry, contained in § 119 and ia Eieroises ixxii,, i 
M. Paul Sebbbt, Mithodel dei O^ometrie, pp. 30-44. 
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Section I.— Ebgiilak Polyhedka.. 

120. If S be the numher of solid angles, F the numher of 
faces, S the mimher of edges of any polyhedron (see Appendix to 

Euclid, 6th edition, p. 283), S+F^£+ 2.— (Eotlee.) 

Dem. — "With any point in the interior of the polyhedron as 
c«ntre, describe a sphere of radius r, and draw lines from the 
centre to ea^sh solid angle ; let tlie points m which these meet 
the surface of the sphere be joined by arc* of great circles. 
These arcs will divide the eurfate into F spheiical polygons. 
Now if « denote the sum of the mgles of my of these polygons, 
and ffi the number of its sides, its area is )■'(« -(m- 2)3r), hut 
the sum of the areas of all the polygons is equal to the surface of 
the sphere or itrr^. Hence, since there are F polygons, we have 
4n- = S« - tSm + ^Ftt; but 2« is evidently equal to 2irS, and 
2ot is the number of the sides of all the polygons, and therefore 
equal to ZF. Hence 4w = 2jr5 - 2^;r + 2 JV ; 

.-. S + F=F+2. (426) 

121. There cim be only five regular polyhedra. 

Dem. — Let m be the number of sides in each face, and n the 
number of plane angles in each solid angle, then the entire 
number of plane angles is equal to mF or nS or 2F. Hence 
we have the equations 

mF=nS=2F and S + F=F+2. 
Therefore solving for S, F, and E, we get 



2{m-inymn' 2{m+n)-mfi' 2{m+nymn 

(427) 
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Since the denominator in these expressions must be positive, 
— + - must be greater than ^ ; but n cannot be less than 3, 
since a solid angle cannot be formed hy less than three plane 
angles. Hence m cannot be greater than 5. The following 
win be fonnd to be the only admissible system of values for 



3, . 



3, 4; 



3, 5; 



and the corrcBponding polyhedra are the Tetrahdron, Cube, 
Octahedron, Doiecakedron, and Icosahedron, or solids of 4, 6, 8, 
12, 20 faces, ■which have respectively 4, 8, 6, 20, 12 vertices. 



122. 1/ I denote the incUnatio 
regular polyliedron. 



of two adjacent facet of a 




Fig. 60. 

Bem. — Let AB he the side common to the two faces, C and 
I) their centres, from which let 0£!, DS be drawn perpen- 
dicular to A£ ; then the angle between OJS and US will be 
equal to /. In the plane of the lines CH, BE, let GO and BO 
be drawn at right angles f« them, and meeting in 0. Join 
OA, OE, OB, and from as centre snppose a sphere to be 
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described, cutting OA, OB, OC ia the poimta a, e, e, respec- 
tively; thenflw is a spherical triangle, having the angle e right; 
also eae = — and ace = —, and by equation (111), sin ace = GOBcae 
•i COB ce ; but cos ce = cos coe = sin J / ; 

.-. da J/=cosec— cos -. 

Cor. 1 . — The following are the values of / for the five regular 
polyhedra. Thus, denoting tiem by A, A, -^8, -Pn. P^ ■— 

Cor. 2. — If r Je the radius of the inscribed sphere, and a 
a Bide of one of the faces, 

r = - cot -.tan-. (429) 

For r= CB.tmCSO^ 0£'tan^= ^ cot ^ tan-. 
2 2 TO 2 

Cor. 3. — If a be the circuroradius of the polyhedron, 

£ = |tan-tan-. (430) 

Cor. 4. — The surface of a regular polyhedron 



Cor. 5. — The volume of a regular polyhedron 



Cor. 6. — The octahedron ia the reciprocal of the cube, and 
the icosahedron. of the dodecahedron. 
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ExEHcrsEs , — X XXIII . 

1. Find the values of E, F, S for each of tho regular polyhedra. 

2. ProTB tbat the centres of the faeea of the polyhed™ Pi, Pe.PstPii.-Pso 
are respeofJTely the smnmifa of polyhedra Pt, Ps, Pe, Pai, -Pii- 

3. Find the ratios between the volumes of a tetrahedron or cube and the 
Yolume of the solid, whose euramits are the centres of its faces. 

i. Prove that the inradius of J't = thpe tinies its oireumiadius. 

5. In the same' case, the radius of the sphere touching its siz edges is 
a mean proportional between the inradius and circumradius. 

6. Prove that the ratio of the inradius t« circumradius is the same in 
Ps and Pa, and also in Pis and Pjo. 

7. In any convex polyhedron [regular or irregular), prove that thenumber 
of fares having an odd number of sides is even, and that the number of solid 
angles having an odd number of edges is nneven. 

8. In every convos polyhedron, the number of triangular faces increased 
by the number of trihedral angles is e^ua! to or greater than eight. 

9. Every convex polyhedron must have either triangular, or quadrangular, 
or pentagonal faces, and trihedral, or tetrahedral, or pentrahedral angles." 

Section II. — PiaALLELoPiPEDS and Tbt£Ahbddi4. 

123. To Jind the volume of a parallelopiped in terms of three 
eonterminous edges and their inclinations. 

Let OA, OB, 00 be the three edges, and let their lengths 
he a, h, e, respectively ; aad let the angles BOC, CO A, A OB 
he dcnoteii hy a, j3, y. Draw AI) perpendicular to the piano 
BOO, and describe a sphere, with as centre, meeting the lines 
OA, OB, OC, OB in the points a, i, e, d, respectively. The 

• The most important recent worlts which treat of the polyhedra ate 
Allman's "Greek Geometry from Thales toEuciio," and "Lectures on 
theIcosahedron,"bypROFE8SOKKLEiw, GBttingen. This is a very remark- 
able work, showing the great importance of the polyhedra in the higher 
departments of modem Analysis. 
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volume of the parallelepiped is equal to the product of the base 
and altitude = be ein a . AD ; hut AD = a .sin AOD ^ a .siaaod; 

.-. vol. = aha sin a . sin aod = 2abo . n, (433) 

n being the first staudtian of the solid angle -ABC 



'Wl- 



■s'a - eoa'/J - cos^y + 2 c 




Fig, SI. 



Car. 1. — The volume of the tetrahedron 0- ADC - ^ ahcn. 
(485) 
Cor. 2. — To find the volume of a tetrahedron in terms of its 
ix edges. Let BC = «', OA = V, AB = d ; then we have 






1m 



isy= - 



lab ' 



V=iabc ^/l- cos'a- cos^/3 - oos'-y + 2 cos a cos fi C03 y. 
Hence 144 F' = 2o'o"(S= + J" + e=+ c"- o=-a'=) 

- a'b'^c'^ - l^c"a'^ - 1^ a'H'' ~ a^^c'. (436) 

Cw. 3.— If r„, T;, 7;he the areas of the three faces 05C, 
OCA, GAB of the tetrahedron 0-^SC, and TV the second 
staudtian of the solid angle 0~ABO, 

F» = 1 T^T^T^IV. (437) 
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Hence f TJT^TJT^ \ a^S=e=B' ■= r\ 

Cor. 4. — The second staudtians of the solid angles of a tetra- 
hedron are proportional to the areas of the opposite faces. 
This follows at once from Cor. 3, 

dor. 5. — ^The Tolume of a tetrahedron is equal to ^ of the 
product of the areas of two faces by the sine of their dihedral 
angle diyided by the length of their common edge. 

For the vol. = J of the triangle OBC.AD, imA AD = 2 tri- 
angle AB C, multiplied by sine of the dihedral angle of the faces 
OBC, ABC divided by BO. 

Cor. 6. — The products of opposite edges of a tetrahedron are 
proportional to the products of the sines of the corresponding 
dihedral angles. 

124. If a, ^, y, 8 denote the areas of the four faces of a 
tetrahedron, 

«' = ^' + / + 8' + 2^y cos (^y) + 3y8 COS (yS) + 28^ c. 

Dbm. — We have 

a=;8cos(a^) + ycos(ay)+ScosCa8). (I) 

/3 = ^ COS 03a) + y cos Wy) + S cos (08). (2) 

y = a GOB (ya) + cos (yj8) + 8 cos (y8). (3) 

8 = a cos (Sa) + cos (80) + y COS (Sy). (4) 

Multiplying by a, fi, y, S, respectively, and subtracting the sum 
of the three last products from the first, we get the above 
result. 



(438) 
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Cor. — H we eliminate a, ^, y, S from the equations (1), (2), 
(3), (4), we get tke following relation between the six dihedral 
angles of a tetrahedroa ; — 

cos^a, -1, cos^T, C0S/5S ' 
cos-ya, ooay/i, -1, cos yd ] 

cosSa, cosS/5, ewSy, -1 
This relation may also ho easily inferred from equation C^l^,) 



125. To find the diagonal of a paralleloptped in terms of three 
conterminous edges and their inolinalions. 




Fig. 52. 

Let the edges OA, OB, OC be denoted bj a,h,c; and the 
angles OBC, OCA, OAB by a, j3, y, respectively; let OD be 
the diagonal required, and 0.^ the diagonal of the faco OAB; 

Oiy-= OE''\EIfl-\-lOE.BB.'La^ COE 

-o= + i' + 2oJ cos-y +e' + 2ii. O.fi'.cos COB. 
Describe a sphere, with as centre, cutting OA, OB, OC, OE 
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in the points a, h, o, e, respectively ; then we have, by Stewart's 
theorem, 

cos COE= (coaa.sinaO^ + cosjS ainSOe) ^ siny; 

.-. Oi)= = a= + 6Uff' + 2flScos7 

+ ^1^:?:?^ (cos a . ain Oe + cos /? sin S 00 ; 
Biny 

but OJE&maOe^hmiy, and OlS .sinhOe = asmy. 



OIP- = fl' + i= + c= + Sic cos n + lea, oos /B + 2«J cos y. (440) 
!6. yo _find the radim of a sphere eircumserihei to a ietra- 




FiBST Method (Staudt's) :— 

Through the centre of the circum sphere draw a plane per- 
pendicular to the radius BO, cutting the sides of the trihedral 
angle D in the plane triangle A'B'C This plane being parallel 
to the tangent plane to the sphere at B, 

A'S is antiparallel to AB in the angle ABB, 
B'C „ BC „ BBC, 

C'A' „ CA „ CBA. 
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Let BA = a, DB =h, 7)C = c, BC = a', CA =l',AB = tf , 
BA' ^ a, DB' ^ ^, DC = y, BC'=a', C'A'=^',A'B'=Y, 



If 0' be the second extremity of the diameter BC/ of the 
sphere, we have 



= ey = 2I}^ = B0.B0'. 
„, hi'. 211^ ' oc'.2E' 



Putting aa'=ai, ih' = li, ctZ-c^, and a, + bi + ei=2s„ 
triangle 



'-2*/s,.{Si-a,}[Si--bi){si 



BABO _ ahe _ 
BA'B'C'"^' 



BABO 



a'JV 



\.IR 



Secohb Method (Dosioe, Nbuvelles Annales, 1874, p. 623): — 

l,ei BAB Che the tetrahedron, its oiroumcentre ; A',B', C 

the middle pointa of the edges BA, J)B, BO, which, as before, 

are denoted by o, S, c, respectively. Draw OJf parallel to BA, 

meetiiig the face BBC in M, and MN parallel to BB. Now, 
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Binee the projection of BO, and of UN, NM, MO oa DA, SB, 
DC, BO are equal, wc Eave 

J a = BN cos ac + iWcos ai + MO. 
J J = 7)JV cos f i; + NM + ^0 cos ah, 
J := i)iV+ NM cos ic + JfO COS ac, 
R ^ B^i- cosiB, S) + NMcos(l. E) + MO cos{a, S). 




Fig. 54. 

Hence 2JP= MO.a + MN . h + BN. c. 

a = 2M0 + 2if:iV COB ah + 2i)2V cos o. 
h = 2JI/"0 cos((S + '2MN+ 2i>iVcosS, 
c = 2 Jf COS ca + 2 JfiV cos cb^'ZDS 

Hence, elimiBating MO, MN, BN, we get 
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Now'm being the first staudtian of the solid angle I) - ABC, 
(re have 4re^= 



Therefore 64^'«' = 








0, a, b, ' e 




0, o>, J", t' 


a, 2, 2co8aJ, 2cosflc 


1 


a\2a^, 2ahcoaah,2accoBac 


J, 2 cos Jo, 2, 2co6J(- 


"a'iV 


h\ 2i«cosJfl, 2P, 2 ie cos So 


e, 2 cos ea, 2 cos ci, 2 




c', 2coco3ca, 2eScosi!i, 2e» 


Hence 64o=iVn'^^ = 






0, oS h\ <? 








a", 0, e", i'= 
i^ f'', 0, a'= 


= -5(«< 


')* + 22(aS<i:'i')'- {442) 




(?, i'\ a" 









Cor.— 24 r^ = (22(«Stt'4')'-- SCiia')''!^- 
127. The Isosceles Tetrahedron.— (Nhub 



18.) 



Dbf, XXXIX. — An isosceles tetrahedron is one whose opposite 
edges are equal. 

From the definition it follows at once CEnc. I., vin. xixn.) 
that the four faces are equal, and that the sum of the plane 
angles forming each trihedral angle is equal to two right 
angles. 

138. If we suppose BC=AD = a, AC=DS=^, AB=DC=y; 
then denoting hy a, b, c the angles of the triangle ABO, they 
are also the face angles of tlie trihedral angle D - ABC; and 
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representing by A, B, C the diliedrals DA, BB, DG, we have 



2°. The firat staudtian of D- ABC 



(443) 






(444) 



3°. If M, JV, P, Q, R, S he the middle points of the six 
edges, we have PQ = iAC = ^BD = FI^; then PQMN is a 
lozenge, and MF is perpendicular to NQ. Hence the three 
medians MP, NQ, MS form a system of three rectangular axes. 




Fig. 55. 

4°. Since the tetrahedron DABC can coincide with AD OB, 
BCDA, CBAD, the four lines _Z)(?, AG, BG, CG are equal. 
Kenee G, the centre of grai>ity of ABOD, is also the centre of the 
rihed sphere, and of the imerihed sphere. 



5°. The inscribed spher 
eircuminreles. 



touches the faeeg at the centres of the 
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140 Pohjhedra. 

6°. TJie medtam PM, QW, R8 are perpendicular to their cor- 
responding edges. 

129. The four solid angles 6-ABC, G-ABD, G-BCD, 
G-ACB, are equal. Hence the spherical triangles which they 
intercept on the sphere are each equal in area to one-fourth of 
the Bpherioal surface, and thereiore the spherical excess of each 
is two right angles. 

Again, the angle MGg = supplement of MQB = supple- 
ment of MGC = FGC = '^AGB. Then, in the spherical 
triangle ABC, the are which joins a summit to the middle of 
the opposite side is equal to the supplement of half that side, 
and the are joining the point of eoneourse of the medians to the 
middle of any side is equal to half that side. Mence the spherical 
triangle ABC is divided by the antipodes of the point D into 
three diametral triangles. 

130. The volume of the tetrahedron is double o£ the octa- 
hedron MNPQRS = IGSMIfG = ^ GM. GN. 6S ; but 

G8' + GW = iBC' = ia:', 6M^+GN' = ip\ GJV^+ GS' = if; 

.-. F^^( ^'n'-"')(Y' + °^ - y)("'-'-"F^7) . (445) 

Cor. 1. — The square of the radius of the cirBUmsorihed 
sphere 



For AG' = AM' + MG'= iy'^ a' -l- ^ f ^ a" +_ffl+_y' 
* ' 8 8 

Cor. 2. — The radius of the inscribed sphere = -7^77- (447) 
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ExEKCisEs X5XIV. 

I. If the four edgos of a tetraliadroii te tangenta to a sphere, the aum of 
each pair of opposite edges is conatant. 

For if U, ti, Ix, h be the tangents drawn to the sphere froni the vertices 
of the tetrahedron, it is evident that the sum = ii + ij +(3 + (i. 

fi edges of a tetrahedron, and d thair shortest 
= ioa'>i sin (»«'}. (448) 

3. Tlie four escribed spheres of an isoflcelea fetra,hedron are equal, and 
the radius of each is eq.ual to the diameter of the inscribed sphere. 

4. Prove that the radius of the sphere in Ex. 1 = ■ - ^'^'^ . (449) 

5. If V he the volume of a tetrahedron, whose edges of a face are a, b, c, 
and opposite edges a, b', c' ; and V" the volume of a tetrahedron, whose 
edges of a face are a', *', c', and opposite edges a, J, c ; then 

144 ( r= - r-2) = (a^ - a"') (J= - h-^){c> - cr% (460) 

(WOLSTENHOLME.) 

6. If (a, a'), [b, b'), (o, c') be the three pairs of opposite edges of a tetra- 
hedron, and denoting by the same letters the dihedral angles adjacent to 
these edges, prove that if the altitudes cointersect — 

r. a^ + a'i = i» + *■= = c= + ,;■=. (451) 

T. cos B COS a' = cos J cos J' = £03 cos «■. (452) 

7- If the lines joining the summits of a tetrahedron to the points of con- 
tact of opposite faces with the inscribed sphere coiuterseot, prove that 



8. If the spherical triangles which are equivalent to the two trihedraU 
J> - ABC, e - ABC (fig. Art. 127), be denoted by ABC, A'B'C, respec- 
tively, prove 
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9. H ABCD be a tetrahedron, and if we denote by AB the angle between 
the faces ABC, ABD, proye that 

i^B'. CD^ . ein= {AB . CD) = ABC + ABZfi - 2ABC. ABD cob AB, 
where ABO deaotee the area of the triangle ABC. (455) 

Project the triangle BCD into B'CD' on a plane perpendicular to AB ; 
we have then y\ 

UD' = CD Eia [A B. CD), 

and CW^ = Wff'' + WB'- ~2B-C. B'B' . cos C'B'B' ; 




then, multiplying bj AB', and remembering that 5' C, B'S' are equal to 
the allitudes of the triangles ABC, ABD, the proposition is proved. 
10. If MB he any point in the edge CB, pi-ove that 

abm-^,gb^=abc^.'m3-vasii>.gm>-viabc.abb.cm.md^?,ab. 

(466) 
Draw JT? parallel to BB, and we have 

KM"^ = i'P' + M'P^ + 2S'P. PJf cos AB ; 



11. If Jf be Ihe middle point of CB, 

4ABM' = ABC^ + ABB'' + 2ABC. ABB . c 
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SbCTIOIT I. GEODB3r. 

131. To reduce aw angle to the horixon — 

1°, General SoMton.—'Letl 02 be the vertical of the observer 
at 0; then, if the angle MOIf= a, NOZ = h, MOZ = e, it 
is required to find the projection of MOR cm. a horizontal plane 
passing through 0. 




Sol. — From as centre, wiih a unit radiua, de-^cribe a sphere, 
cutting OZ, OM, OJV in A, B, C, respectively ; then the 
sought angle is th.e measure of the dihedral angle B OA 0, or of 
the angle A of the spherical triangle BA C, which is given by 
the formula 



tan J-4 



^ l sin(.-i)sin(.-.: 
V sin 8 . sin (< - a) 
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2°. SoUtion of Legendre. — This Bolution is applicable only 
when the angles of elevation o£ the ohjeets M,Nsxii very small ; 
that is, -when S and c are each near 90°, It depends on the 
following lemma; — Being 'given a spherical ir tangle ABC, the 
angle Ai of the reoiilineal triangle formed hy its ehorda {called- the 
ohordal triangle) is given hy the equation 



ni«4 



.siScos^. 



13^. (458) 




Dbm. — Let A'BC be the colnnar triangle, M, JVthe middle 
points of the arcs A'B, A'C; then tic chords AB, AC are 
parallel to the radii OM, ON oi the sphere. Hence 



.sMO]V=. 



aibsinie 



K^c <iosA. 



Cor. — If A, = A--0, then cos Ai = cosA + d ein A approsi- 
mately ; andsubstitutiEgin{468)for cosiScoB^i!, sin^i sinjc, 
t]ievalneBC0sH(i + '')"8inH(S^,!), sin'i (i + tf)-sin'i(* - "), 
we get, after an easy reduction, 

e = tani-^ Bi]i=i(& + c}-cot^^ sm^i{h-e). (459) 

Given the oblique angle contained between two ohjeets above the 
horizon, to find the correeponding horizontal angle. 
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Let A he the place of the obserrer, M, JV the objects above 
the horizon ; lot a sphere of radius unity be described, touching 
the horizon at A, and intersecting the lines AM, AN in the 
points B, 0. Draw the great circles ABO, ACQ; then if 
S, S' denote the elevations of AM, AN above the horizon, we 
have U^^iacAB, S' = ^ d.v<i AC ; that is, considering the 
spherical triangle ABC, ff=ie, R' = ^h. How the angle A 
of the spherical triangle ABC is the horizontal angle which 
corresponds to the oblique angle MAN. Hence, if B denote 
the difference, we have (459) 



d = taii^A 



+ c) - cot ^ -4 sin' \{h- e); 




.-. 6 = ta.niAe,inmS-+S'')-cotiAsm-'i{B--R'). (460) 

In practice S, S' and B are very small. Hence this fonnula 
may be replaced by the following, which is Legendre'a : 

6= {^{S4.E')Ytm^MAN' {i{S:-S')Yco\.^MAN, 
(461) 

an approximate value of the difference between the circular 
measures of the oUique and horizontal angles, which must be 
added to the former to obtain the latter. 
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132. Legendre's Theorem. — 

If the sides of a spherical triangle he small compareA with the 
radius of the sphere, and if a plane triangle be comtrueted whose 
tides are equal in length to those of the spherical triangle, then each 
angle of the spherical triangle exceeds the corresponding angle of 
the plane triangle Sy one-third of the spherical excess. 

Dem, — Let a, b, c be the lengths of the sides of the spherical 
triangle, r the radius of the sphere, then the circular n 
oi the sides are 



respectively ; henee 



and, substituting for co; 

PI. Trig., % 158, we get, neglecting powers Mgher than the 



irt] 


1 of 


r' 














■,A 


(' 


a' 
2r= 


^^\ 


-(' 




m- 




^^.) 






he 
r' 


{• 


-^-)(' 


-i) 








<' 




■ a" a^- 


- J* - c* - 6J 


'M^ 


s- 






= (- 


' + c^- 


■ a" a*- 


-i' 




6?^ 


=) 




2be 






P 


+ 6=- 


o» o* + 


i'4 


-c*-2(a' 


h* + b^c^ + 


^»" 


) 
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Hence, if o, ^, y denote the angles o£ the plane triangle, whose 
sides are a, i, c, -we have 

cos^ = cos a --^^, nearly. 

TTow, putting A = a + S, we have cos A = cosa- $Bin.a. 

„ ^ he Bin a S 

Hence G = — ~-t~ = -r-—, 

S denoting'the area of the plane triangle ; 
Similarly, B-^=— , 

Hence -j = spherical excess ; 

.-. A - a = - spherical excess. (462) 

133. The area of the spherical triangle is approximately 
equal to 



'hi- 



"i-®- Ji'^-'-jT-'^zrl' *w-}v * T2^ 
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therefore 



4rW 12*^ 



Hence 2Er^ = S 1 + 



C<yr. — The area of the spherical triangle is equal to the s 
of the plane triangle, if we omit terms of the second deg 



134. If n denote the number of seeonda in the epherical 
excess, A the area of the spherical triacgle on the surface of 
the earth in square feet ; then log w = log A - 9-3267737. — 

(GENEKiL EoT.) 



mean length of a degree = 365155 feet. Thus ~ = 866165 ; 
suhstituting the value of r from this equation in the value of A, 
and taking logarithms, we get 

log m = log A - 9-8267737. (464) 

Exercises . — XXS V . 

1. The angles subtended by the sides ol s. spherical triangle at tte pole of 
its circumoircle are respectiyely double of tho corresponding angles of its 
chordal triangle. 

2. Proye Legendce'e theorem trom either of the fomnilae for buiJjJ, 
cos \A, tan ^A, respeetiyely, in. tenne ol the sides. 

3. If tba radius of the earth be 4000 miles, what is the area of a spherical 
triangle whose spherical eicesa ia 1°. 

i. If ,1", B", C" be the choxdal angles of the polar triangle of ABC, 

COS ^" = sin i^ cos (s - b), &c. (465) 

5. If A'BG be the oolunar of ABO; prore that the cosines of the angles 
of its chordal triangle are reapectively eijual to 

cosiaoosS, ain4isia((7-£), sin |c sin [B - £): (468) 
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6. If Ji be the circmnradiua of a apberical triangle, Ai, Bi, C\ tie angles 
of ite chordol Ijiangle ; proTe 

miAi = sia\aeoseBll, sin Si ^ sin J i cosea £, sin (7i =^ sin ^ i^ cosec Ji. 

(467} 

7. Prove Bin ^[ : sin (Ji -Ci):; sin ^: sin (J-C). (468) 
S. Prove the pToposition of § 132 from equation (351j. 

9. PrqveB=(tanJotanfi)sinO- J(taiijatluiji)'sin2a (169) 
[Make use of tha value of tan ^ drawn from equations (351), (358).] 

10. Show that in every ease of the solution of spherical triangles, eieept 
where the three angles are given, that Legendre'a theorem insj be used for 
an approximate solution . 



SECTIOIf II. — AsTBOKOMY. 

136. Asironomieal Definitions. 

If PHN'R represent the meridian o£ any place, produced to 
meet the celestial sphere, P the north pole, tte south pole of 




the heavens, MR the horizon, EQ, the equator, Z the zenith ; 
then, for a place -whose zenith is Z, QZ is the latitude ; and 
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since QZis evidently eijual to PR, PjB is equal to the latitude ; 
but PS is the elevation of the pole above the horizon. JBhice 
the elevation of the pole above the horizon is equal to the latitude. 

Again, if ^ be any heavenly body, such as the sun or a star, 
its position is denoted by any one of four systems of spherical 
co-ordinates as follows : — 

1°. The great circle Z8T passing through the zenith and S, 
and meeting the horizon in T, is called the vertical circle of 8. 
The arc ST, measured from the south point of the horizon, or 
its equal the angle SZT, is called the azimuth, and ST the 
altitwde. ST, ST are the spherical co-ordinates of the star S ; 
2S is its ssettitA distance, and the arc MT its azimuth from the 
north. 

2°. Join SP, and produce to meet the equator in K. The 
arcs QK, KS form the second system of spherical co-ordinates ; 
QK, or its equal the angle ZPS, is called the how angle of S, 
and JTS the declination. The declination ispositive when S is 
north of the equator, and negative when south. The great 
circle PSS" is called the declination etrele, and PS the polar 
distance of S. 

3", The great circle which the centre of the sun, seen from 
the centre of the earth, appears to describe annually among the 
stars is called the ecliptic; and its inclination to the equator, 
which is nearly 23^°, the ohUquity of the ecliptic. The points of 
intersection of equator and ecliptic are called the equinoxes — 
one the vernal equinox (called also the first point of Aries), 
and the other the autumnal equinox (the first point of Libra). 
If If denote the first point of Aries, then TiT is called the right 
ascension, and KS the declination of the star ; '^K, KS are the 
third system of spherical co-ordinates of S. The right ascen- 
sion is counted eastward, from to 360°, 

4°. From S draw a great circle Sa perpendicular to the 
ecliptic ; then cyio-, <t8 are the fourth system of spherical co- 
ordinates of S, and are called respectively its longitude and 
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latittfde. Tte longitude is reckoned eastward, from to 360". 
The latitude is positive ■When north, and negative when south. 

136. If the email circle, J/j ff, passing throughS, and parallel 
to the equator, represent the apparent diurnal motion of the 
sun or other heavenly body (tie declination being supposed 
constant), it is evident te wUl be rising or sotting at A (accor- 
ding as the eastern or the westem hemisphere is represented by 
the diagram.). He 'will be east or west at lo, ■wUl be at £ at 
6 o'clock, morning or CYening, will be at noon at M, and at 
midnight at M'. 

137. The foregoing definitions and diagram will enable us to 
solve several astronomical problems of an elementary character, 
such as the following : — 

1°. To find the time of ri&ing or setting of a hiovm hody. 
Consider the spherical triangle APR, We have 
cos EPA = tan EP. cot AP. 

Hence, denoting the hour angle APZ by (, the latitude by <!>, 
and the declination by 8, we have 

cos ( = - tan ^ tan S. (470) 

And the hour angle being known, the time may be found. In 
the case of the sun, the formula (470) gives the time from sun- 
rise to noon, and hence the length of the day. 

2°. Being given tlie deelination and the latitude, to find the 
atimuth from the north at rising. 

Let A denote the rec[aired azimuth, then A = AE. Hence, 
from the triangle AEP, we have 

6in8 = cos0.co8^. (471) 

3°. Being given the how angle and declination of a star, to find 
the azimuth and altitude. 
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152 Applications of Spherical Trigonometry. 

Let Z denote the zenith distance Z8, A the azimuth from 
the north, p the angle ZSP at the star ; then, by Dehunbre'e 



cosi2'.BinJ(y+^) = eosi-i.coaJ(S-^), (472) 
cosi^.coai(^+^) = BiitJi.sinJ{S + ^). (473) 
sin ^Z. sin J (^ - ^) = COS 1^ . sin ^ (S - ^). (474) 
sini^'.eoBf (iJ-^) = 8!n5i.cosi(S + ^). (475) 
Hence, when t, S, i^ are given; that is, the hour angle and 
declination of a heavenly hody, and the latitude of the observer, 
%, p, A can be found. In a similar manner may be solved the 
ctrnverse problem : — Given the azimuth and altitude, to Jind the 
how angle and the declination. 

4°. If a denote the altitude of the sun at 6 o'clock, and of the 
altitude when east or west ; then 

sin a = sin 8 . siinjt. (476) 

sin a' = sin S -^ sin 0. (477) 

EXEKCISES.— XSXVI. 

1. In latitude 45° N., prore that the shadow at □oon of a yertical object 
is three timea as long when the sun'e declination ia 15" S. as when it 
ia 15' N. 

2. The altitude of a star when due east was 20°, and it rase EtN; re- 
quired tbe latitude. 

3. Given the mn'a longilade, to jini his i-ight ascensioti and iiedinatio». 




Fig. 61. 

., S the declination, a the obliquitj' of 
le eeliptio. Now let S denote the sun's place in the adiptio fS. Draw 
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Astronomy. 153 

SD perpendicular to t2>, the equator ; tien, if K denote the longitude, we 

have the triangle fSD, 

tin a = cos 6, tan A. (478) 

Ein5 = ainwaiiiA. (479) 



6. If the aim's declination be 15° N., and length of day four hours, 
prove tan <p = sin 60° tan 75°. 



n latitude ^, prove that 



10. Given the right ascension and the declination of a 
latitude and longitude. 




Let Ti), Ti ha the equator and the ecliptic, S the star, SD, SZ perpen- 
diculai to tD, yZ ; then, if a he the right ascension, S the declina.tion, I die 
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154 Applications of Spherical Trigonometry. 

latitude, and a the longitude of S, denoting tlie angle iSTi) by 9, i 
id triangles S^D, STL, we get 



Ihe first of tlieee equationa determinee d, and tie others a and I. 

11. Being given the latitudes and longitudee of two pLioea on liie earth 
considered aa a peiiect sphere, to find the distanee between them. 

This is eyidently a case of § 66, viz., when two sides and the contained 
angle ore given, to find the iMrd eido. 

12. Find the latitude, being given the declination, and the interval be- 
tween the time the sun ja west and sunset. 

13. If the latitudes and longitudes of two places on the earth be given, 
sbow how to find the highest latitude attained by a sliip in sailing along 
a great circle from one place to the other. 

14. Being given the latitudes and bn^tudes of two places, find the ma'a 
declination when he is on the horizon of boOi at the same instant. 

15. If the difierence between the lengtiis of the longest and the shoiteBt 
day at a given place be six houra, find the latitude. 

16. If two fitara rise together at two places, prove that the places will 
have the same latitude ; and if they rise together at one place, and set 
together at the ot^er, the places will have e^ual latitudes of oppadt« 
names. 

17. If pi, ps be the radii vectors of two planets which rerolye in circular 
orbits, prove, if when they appear alationary to one another, the cotangent 
of Pi'a ebr^tion, aeen from Pi, be J tan 6, that 



18. If S be the declination of a heavenly body, which in its diurnal 
motion passes in the minimum time from one to another of two parallels of 
altitude, whose zenith distancea are Z, Z', prove that 

19. H I be the latitude, a the obliquity of the ecliptic, prove that if the 
lengths of the shadow of an upright rod at noon on the longest and the 
shortest days be as 1 ; n, 
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Astronomy. 155 

UO. Detenniae the latitude, and the sun's declination, Ijeiug gi^'en that 
lie sun sets at 3 o'clock, and is 18° below the horizon at 4 o'clock, 

31. Determine the latitudes of two places,^, B from the following data : — 
When the sun is in the tropic of Cancer, ho rises an hour earlier at A 
than at B; and when at the taupio of C»pricom, an honr earlier at B 
than at A^ 

22. If in latitudes h, h, ^3 on the same da;, on tbe ^me meridian, the 
lengflifl of meridian shadows of towers of equal heights be «„ sj, sj, proTo 



23. If the time of the sun, being due east, he midway between sunrise 
and 12 o'eloci, find the latitude, the declination being given. 

24. If the sun be due east at a given place two hours after the rising, 
find the declination. 

25. Given the right ascension and declination of four stars, find the right 
ascension and declination of Hie point in tie heavens where tie diagonals of 
the spherical quadrilateral which they determine intersect each other. 
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MisceFlaneous Exercises. 

1 . Prove that in a right-angled spierieal triangle 

2. If the plane angles of a trihedral angle be respectively equal bD the 
angles of a square, a hexagon, and a decagon, prove that the aura of its 
dihedral angles is five right angles.— (Catalan.) 

3. If Ai he a chorda! angle of a spherical triangle ABO, prove 

4. If a spherical quadrilateral be inscribed in a small circle of the sphere, 
prove that the cosine of its third diagonal is equal to the product of Hie 
cosines of the tangents drawn to the ""m il circle from the extremities of the 
third diagonal. 

5. Prove that the volume of the pyramid whose summits are the angular 
points of a spherical triangle and the centre of the sphere, if the radius be 
equal to unity, is Jy tan r . tan j*o . tan n . tan re, 

6. Prove that the angles of intetaaction of Ham's circle with the sides 
«E a spherical triangle are [A - B), {B - C), (C - A), respectively. 

7. If in a trihedral angle 0-ABG we inscribe two spheres, which 
touch each other, if Mu Ka be their radii, prove that 

A_( | ^[.-.l.i.l.-i)«.(.^.) ) i4lii(.-i.)m(.-i).i.(.-.') l' 
A W Bin* ^V sms r 

(STiimi.) (4S7) 

8. If any angle of a spherical triangle be equal to the corresponding 
angle of its polar triangle, prove 

sEcM + see^B + 800^0 + 2860^ sec BsaoCsl, (488) 

9. If ABO be a diametral triangle, of which the side e is the diameter, 

8inH' = sinH« + shiH*. (*89) 

10. Express sint, sin{s — a), &c., in terms of the in-radii of a triangle 
and its colimar triangles, 

11. Express sin.B, ran [A - E), in terms of the oiroumradii of a triangle 
and its colmiars. 
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12. 11 \, n denote the perpendiculars from the middle point of SO on the 
internal and eiteraal biseciMB of the angle A, prore tbat 

2B:ii^8m,. = n.«ni(S+C)aecJ«. (490} 

13. If there be say system of fixed points Ai, Ai, Az, &c., and a corre- 
sponding system of mnltiplea h, h, h, &c., and F a point satisfying the 
condition 2 [l eos AP) = constant, the locns of /' is a circle, 

Dem. — Let 3!, y, s denote the normal co-ordinates of Pmth respect to a 
fiiod trirectangulac triangle xi, pi, zi, &c., those of A:, &a. Tten (Art. 104) 
■wehaTe2(iii).a: + l{;;-0;' + 2(fe)« = con6tant. FatS(hi)^X,Sl,lyi)=T, 
S (fei) = 2; then, if be a point whose normal co-ordinates are 

~, ^, |, -where E^ = X^ + Y^ + Z^), 

la OF = constant. Hence the locus ofP ia a 



Cor.— It S{l':oeAF=0, either 0F= -, and the locus is a great circle, 
or ,ffi = 0, and then X, T, Z must each sopaiately Tanish. 

14. The snm of the cosines of the arcs, drawn from any point on the 
BurfoM of a sphere \t> all the summits of an inseiihed regular polygon, 

16. If he the incentre of a spherical triangle ABC, proye that 
cos 0^ Eln(*- ^) + cos OS sin {fi-a) + oos 0(7Bin(fl- *)= 0. (491) 

16. If the sAsAB of a spherical triangle be given in position and magni- 
tude, and the side ^C in magnitude, prove, if 5C meet the great circle, of 
which A is the pole in B, that the ratio cos BD : cos CO is constant. 

17. Tbe eight circles tangential to any three given circles on the sphere 
may be divided into two tetrads, sayX, Y,Z, W\ X, T,Z, W, of which 
one is the inverse of the other, with respect to the circle, cutting the given 
circles orth<^onaliy, 

18. Any three circles of either tetrad, and the hoc- corresponding circle 
of flie other tetrad, are touched by a fourth circle. — (Hart.) 

1 9. Any two circles of the first tebad, and tie two corresponding circles 
of the second, have a fourth common tangential circle.— (/Wa^.) 
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158 Mtscellaneom Exercises. 

•20. 11 A, B, C, D be four pointa on the eame great circle, and if if lie 
the angle of interaeulaoo of Ihe small circles, whose spherical diameters are 
AC and SJ), prore that the bls anharmonic ratios of the points A, S, C, D 

sin^J^, coa'J^, -tan'J^, coseo'J^, seo'J^, -cot'Jip. 

t21. The mutual power of two cireles on the sphere is unaltered by 



22. Prove the relation (412) hy ii 

23. If from a Gsed point on a great circle three pairs of arcs OA, OA' ; 
OS, OS'; OC, OC bo measured, such that tan 0-i.tau 0.^' = tan OS . tan OB' 
= tao OC, tan OG' — A-', where k ia a conetaut ; then the anharmonic ratio 
of any four of the sis points A, A', &c,, which contains only one pair of 
conjugates, such as {ABCC), is equal to the anharmanic ratio of their four 
conjugates [A'B'C'C). — {Compare Sequel to EueliA, p. 132.) 

Draw a tangent to the great circle, and produce the radii through the 
points A, A\ ka., to meet the tangent. 

Def. l.—A system of pain <ff points, ausk eta AA', BB', CC, fayUUng 
ths eonditiona that tht anharmonie ratio of anp faar Mn^ equal to that of 
their four conjugatea, is tailed a system in ineoltttion. 

Def. ll.-^If ivio points D, Tf he taken in opposite directiom from 0, sueA 
that lan^ OD = tan^ OB' — A', each point being evidently its omn conjugate, it 
celled a double point. 

Def. in. — If a system of points in involution on a great circle X lie joined 
by arci of great eireles to any point F not on X, the six Joining arcs having 
evidently the anharmonie ratio of the pencil formed hg any four equal to that 
formed iy their four eonjugaies, is called a pencil in involution. 

24. The double pointa S, 1/ oK anhannoQic conjugates to any pair AA' 
of conjugal* pointa. 

25. The ail arcs joining any point on a aphece to the intersection of the 
aides of a spherical quadrilateral form a pencil in involution, 

• This theorem in plana was first published by the author in the Fhilo- 
sophical Transactions, 1871, p. 704. 

t This theorem, in a different form, viz., " the ratio of the sine squared of 
half the common tangent o! two small cirelea to the product of the tangenta 
of their radii is unaltered by inversion," was first given by the author in a 
Memoir " On the Equations of Cirdea," in the Proceedings of the Royal 
Irish Academy, 1866. 
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26. Any great circle is cut in involulion by tie sidea and diagonals of a 
spherical quadrilateral. 

27. If two diagonals of a Bpherical quadrilateral be quadrants, tte third 
is a quadrant. 

28. Show that the method given in " Sequel," p. 121, for describing a 
circle touching three circles, may he extended to the sphere. 

29. Inscribe in a spherical triangle or in a small circle a triangle whose 
sides shdl pass through three given points. 

30. Prove that if CC be the eymmedian drawn from the angle (7 of a 
spherical triangle, 



,..J- 



i.-COBH("+*)^ 



(492) 



(493) 



31. liABCD be a cyclic quadrilateral, and P any point in the 
eirde, prove that 

sin ^P.g. sin CPJ sini^.B. sig^CJ) 
ein^P(?,siiii(Pi>"sin^.40.sinJ^J)' 

33. n three groat circles haying two points common intersect the aides of 
a spherical triangle in angles ni, as, as ; Bu Si, 183 : 71, 7 
proTe that 



33. (Hveo the base of a spherical triangle and the two hieectara of tho 
vertical angle, solve the triangle. 

34. If two sides of a spherical triangle be given in position, and a point 
in the base fised, if the base be bisected at the fiied point, prove that the 



35. If the sines of the perpendiculars let fall from a point on the sides of 
a spherical polygon, each multiplied by a given conEtont, he given, the 
locus of the point ia a circle. 

36. 0, S are two points on the surface of the sphere ; is fixed, and S 
BufferB a small displacement along OS proportional to sin 05 ; prove that the 
displacement estimated in the directions of two great circles at right angles 
lo each other, passing through S, are proportional to the cosines of the 
distances of tiieir poles from 0. 
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37. If a chord PQ of a small drde whose spherical centre is G pass llrough 
a fiied point on the sphere, prove that 



38. If through a given point a great circle be drawn, cutting a small 
cirde in the points A, A', and on it a point X, taien so that cot 0X= cot OA 
+ cot OA', the locua of X is a great circle, 

39. If arcs which intersect in a. point be drawn from the angles of a 
triangle, meetii^ the opposite sides in the points A', B', C, prove 



n A-0 + tan 0.4 tan £'0+ tan 0£^ tan CO +■ tan OC 



(49S) 



40. If a great circle, passing through a fixed point 0, cut the sides of a 
spherical polygon in the poinfs A, B, C, &c. ; and if X he a point, such 
liat cot OX = cot 0.4 + cot OB + cot OG, &c., the locus of X is a great 
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■ — of intersection of two circles, 6, 18, 123, 125. 

solid, 10, 19, 127, 133, 138, 140. 

of ft chordal triangle, !44. 

of a spherical triangle, 12. 
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Btiinnow, theorems by, 66. 

Cagnoli, theorem by, 86, SB. 

Cancer, tropic of, 155. 

Capricorn, tropiu of, 155. 

Catalan, 156. 

Cauciliy, method of EOlving spherical tria 

Centre of oircumcircle, 78. 

of exoirele, 78. 

of ineircle, 75. 

of invereian, 119. 

of mean position, 81. 

of similitude, 103, 104. 

of sphere, 1. 

Circle, cireiunscribed, 78, 79, 80, 81. 

declination, 150. 
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inscribed, 75, 76, 77, 80, 81, 83. 

Leiell'a, 92, 93, 96, 97. 

vertical, 150. 

Chasles, theorem by, 121. 
Circular parte, Napier's, 35, 65. 
Oircumradiua of a tetrahedron, 135. 
Coaxal circles, 101, 106, 123. 
Ccdmiar trimgleB, 10, 80, 85. 117, 121. 
Concurrent, 70, 72, 93, 91. 
Conjugates, isogonal, 73. 

iaoloniio, 72. 

Ctelle, Journal of Maihemalics, 22, 47. 



Cube, 120, 130, 131. 
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Darbous, 113. 
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Delambre, 40, 4i, 43, 66. 
De Mo^an on Napier's rules, 36. 
Dodecahedron, 120, 131, 132. 
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78-81, 85-90, 95-98, 140-148, 156. 
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Gauss, 41. 
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Gergonne, 70. 
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Gudermann, theorem by, 90. 
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Hart, Sir Andrew Searle, theorems by, 83, 117, I56, 157. 
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Hour angle, 160-152. 

Icosahedroo, 129-131. 

luulinatioQ, 129-J31. 

Inversion, 105, llS-127. 

Involution, 158, 159. 

Keogt, Iheoiom by, 95. 

Klein, 131. 

Lachlan on Frobenius's theorem, 114. 

latitude, 150-155. 

Legondre, 144—149. 

Lemoine, 75. 

Leiell's circle, 92, 93, 95, 98. 

Lhuilier, 44. 

Ihuilierian, 44, 45, 56, 80. 

Limiting points, 101. 

Locus, 4, 9, 24, 26, 38 66, 82, 92, 102, 121, 160. 

Longitude, 150—155. 

Lozenge, 18. 

Lune, 10, 15, 97 

Maximum area, 95, 159 

Mean centre, 81-84. 

Meridian, 149-155. 

Mutual power of two circles on the sphere, 112—118. 

Nagel, 84. 

Napier, 35, 36, 39, 41, 6S, 66. 
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Oetabedron, 129-131. 
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Pascal's theorem. 111. 
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— homothetic, 103. 

iaveree, 103, 123. 

Poles of a circle on the sphere, 3. 

of the hearena, 149. 

of the primitive, 122. 

Poles and polars, 106-111. 
Polyhedra, I2S-142. 
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— ■ mutual, 112-118. 
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Froceedinga of the Eoyal Irish Academy, 1!6, 158, 
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Quadrantal triangles, 81, 112. 

Ratio of section, 67, 

anhaTmonic, 68, 69, 70, 158. 

Eadical circle, 101, 102. 

Eoy, application of Girard's theorem, 117. 
Rule, mnemonic, Napier's, 35. 

of tranaformation, 32, 8S. 

Roy's, 148. 

Salmon, theorem by generalised. III. 

Serret, applicationa of atereographic projection, 124—127. 

Similitude, aies of, 104. 

centres of, 103-106. 

Solution, obli(|ue-angled triangles, 54-64, 

right-angled triangles, 49-64. 

Sphere, elementary properties, 1-8. 
Staudt, definition of sine of solid angle, 22. 
Staudtians, 22, 23, 132, 140. 

Steiner, theorems, 72, 75, 81, 92, 93, 96, 127, 166, 
Stereographic projection, 121-128. 
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Supplemental triangles, 11, 
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Tetrahedta, 128-142. 
Transactions, Pbitosophical, 158. 
TmnsTeraal iaogooal, 73- 

■ ieotomie, 73. 

Triangle, chordal, 114. 
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of a tetrahedron, 132, 141. 

Vertical circle, prime, 150, 
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Recently Published, Grown 5ra, 276 pp., Glofh. 7j6. 

A TREATISE 
PLANE TOIGONOMETKY, 



AN ACCOUNT OF HYPERBOLIC FUNCTIONS, 
JOHN CASEY, LL.D., F. B. S., 



EXTRACTS FROM CRITICAL NOTICES. 

Frmn the '■ Lvceuu," Ma^, 1888. 
..." There is a great deal of new matter not hitherto intro- 
duced into teit-booka on trigonometry, at least in these countries 
— matfar which ia not only interesting in itself, but important on 
account of the present requirements of the higher mathemalieal 
teaching. . . . The author has given many proofa of well-known 
theorems, as in the case of the four fundamental formula:. Some 
of (hes9 are original, othei'S are contributed by distinguished 
correspondents, and last, though not least, many have been 
derived by Tery esteneiTe reading fram the writings of well- 
known authors, to whom reference is always carefuUy made. 
Indeed this last fact adds a great interest from an historical point 
of Tiew to all Dr. Casey's works. It is a decided mistaio, as 
well as an injustice, to igmjre the merits of other writers, and to 
appropriate their work without due acknowledgment, as is too 
often done. Many theorems owe much of their interest to tie 
fciet that they are associated with the iiames of Euler, Jaeobi, 
^ 5e,Cauchy, orevenstara 



Hosted by 



Google 



From " Natuhe," July 5, 1888. 

"Dr. Casey'a 'Treatise on Plane Trigonometn' ' is quite inde- 
pendent of the ' Elementary Trigonometry' liy the same author. 
It is a most comprehensive vork, and quite as exhaustiTe as any 
ordinaiT student will reqiiiie. Dr. Casey sliows hia nanal maatecy 
of detai], due to thorough acquaintance, from, long teaching, with 
all the erucea of the subject. He has emhiaeed in his pages all 
the usual topics, and has infioduced seyeral points of extreme 
interest from tie best foreign text-hooks. A very rigid proof is 
^ven of the eiponential theorem, and a section is devoted \o 
in terp Illation. . . . Chapters v. and vi., which are devoted to 
triangles and quadrilaterals, are eiiceediagly interesting, and con- 
tain quite a crop of elegant propositions ciiled from many fields. 
Following the course adopted by other recent writers, he gives a 
systematic account of imaginary angles and hyperbolic functions. 
'The latter are very interesting, and their great and increasing 
importance, not only in pure matJiematics hut in mathematical 
physics, makes it essential that the student should hecome ac- 

Suaint«d with them.' We may remark tJiat Dr. Casey adopts 
le following notation : sh, ch, th, coth, sect, coseii, for sin h, 
cos k, &c., and has gone fiuther than his English predecessors in 
introducing at this early stage the angle t, Houel's hyperbolic 
amplilude of (t ~ amh. fl). Numerous Ulustralive examples 
and tables afford practice to the student in this branch . . . 
The special results, which on Dr. Casey's useful plan are numbered 
consecutively, reach 810. The book is rich in eiamples, and will 



J lyil 1 
" Dr. C y m mpil H h rt a evidently in 



his work, 1 ly rj pag f h h stamp of his 

individuajity Th p dispo il d ot allow us to 

enter into a t. lis b t w a consci ti usly y that we know 
of no work plan tn m try whi b tarns so much new 
and useful ma t bi h tains Id m tt better treated. 

. . . The t tere tmg h p th 1, t which* gives an 

eiposition f im'igmBry gl d f hyp bote functions — 
novelties, w Iwli hihrt mtr mbal text-books, 

though ntmmthmtialpndijil Th hyperbolic func- 
tions are n t nl mte tro fr m th ir 1 ee semblance to the 
ordinary cir ul f ns 1 t 1 imp rtantfr m. their increasing 

utility in phy 1 p bl m — w good d ffi nt reasons for 
placing th m ly bet re m th m ti 1 t d nt^ . ." 

From the "Academy," Sept. 22, 1888. 
" Dr. Casey's object has been to write a work which shall be 
abreast of the beet text-books on the subject, and in this he has 
succeeded. No difficulties are slurred over ; in fact, the demon- 
stcations are full, accurate, and complete. The text is amply 
illustrated by a rich collection of exercises. Not only have 
preceding test-books been consulted, but conaideiable contribu- 
tions have been levied upon memoirs in mathematical journals. 
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and coUettions of problems (such aa 'WolsteiLholine'a). Chap- 
ters V. and Ti. {on. triangles and quadrilateriiU) ooatain aa 
eioeedingly interesting elore of results, numbered for reference 
in tte manner the writer liaa adopted in hia previoua hooka. . . . 
Ado|itinffa practice introduced in one or two recent works on the 
aubject, Dr. Casey assigns a sufficient space to the explanation of 
tie hyperholio seiies and cosines, and introduces some olJiar 
funclioiis to [he student. It will be inferred that the present 
work is independent of the author's amaU introductory book — ■ 
in fact, no reference whatever, we believe, is made U> it. This 
treatiEe contains everything that one could expect, and, besides, 
has fresh matttr — a Eection on interpolation, and one or two 
otiier small things — which we hare not hitherto come acroaa in 
aimilar works." 



From the " EovcATlOMjiL Times," Oct. I, 1888. 



"This 



,s the 



3 Tery eonipi«hensi¥e, and qi 
author's reputation as a writer of mathematical teit-books. 
While including all the usual propositions. Dr. Casej has, as 
usual, found room for much interesting matter derived from 
continental writers. The eneroiaes are made to introduce much 
of the modem geometry of the triangle, and the ohapleia on 
triangles and quadrilaterals, one of the main features of the 
work, contain a large number of elegant ftud useful propositions. 
Imaginary angles and hyperbolic functions are fully treated, 
whOe an innovation is made by introducing the angle r, Hoiiel's 
ki//ieiholic amplittids of 9. Dr. Casey fully recognises the Value 
of these functions, 'and their great and increaEing importance 
not only in puie mathematics but in mathematical physics.' . . ." 



From the "PbaoiiOai, Teachbu," Oc(. 1833. 
" The book which we have before us contaiua, we believe, the 
most remarkable and complete treatment of its subject which has 
yet appeared in the English language. Too many writers have 
supposed Uiat a knowledge of trigonome'ry only was necessary 
to enable them to widfe a book theiiiupon, and it has been rare, 
indeed, that a writer in every direction as competent as Dr. Casey, 
or with a mathematical eyesight so ^-reaching, has grappled 
with an elementary subject like the present, ft. Casey, for- 
tunately for us, was known aa an eminent mathematician before 
he bepame a writer of test-books. Hie investigations info 
ceometry and higher algebra have gained him a European reputa- 
tion ; and when the first of his class test-books, the ' Sequel to 
Euiiid,' appeared some years ago, we welcomed it in these 
columns as ' eitraordinariiy neat,' and extremely satisfactory 
even in the form it then assumed, which has since, in subsequent 
editions, been improved almost out of all likeness to its former 
self. This was followed in the course of last year by an equally 
remarkable treatise on analytical geometry, and it is little to be 
wondered at, therefore, if we open the present volume with very 
high anticipations. Nor are we disappointed. Alike in giasp 
and clearness, this book outdistances its only real rival, the 
venerable Todhnnter. Of course we cannot help differing in a 
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few minor pointefrom our author; but, on the whole, we are more 
at one with him than wa have been «itt any previous author. 

" The examples — more thau a thouaand in number— are re- 
markably well-chosen and accurate. They are adapted not only 
to form a Trigonometrieiau, bnt also to develope a comprehensive 
mathematical talent. Many of tliem are original, and at least 
one- third have not appeared in any previous text-hook. 

" In every case, some arc eolved as apecimens (a point in which 
all Todhunter's wcois, by the way, are very deftcient), and the 
answers of the remainder are given at the end of the hook, where 
we have the welcome novelty of a tolerably complete indes of the 
aubject-matt«r, and the autilorB' names. . . . We repeat that it 
ia not only an eminently good hook, but that it is the beet book on 
the subject." 

Frem " Mathksib," Ool,, 1888. 

" Ainsi qu'il le dit dans la Prefaea, M. Casey s'est propose de 
composer un Traits de Trigonometrie qui aeit en harmonie avee 
les reeenta manuels lea plus avanees sux les autrea branches des 
mathenmtiques : dSmonatraldona rigourensea et completes, ordre 
m^tbodique, developpement dair et suffisant des connaissanoes 
foisant babituellemeat partie des tiait^B de trigonometrie, indica- 
tion des queattODS lea plus ioitereesantes que I'ou rencontre dans 
lea joumaux periodiquea. . . . lies ouvrages des maitree framjais 
(Serret, £riot et Bouquet, &c.), se distdnguent par la recherche de 
la ligueur scientifique ; lea nmnuels angmis se recummandent par 
la richesse des matins ttaite^a on proposeea en eseroiaea, et par 
un l«ste eoncia qui iotroduit rapideioentle leetenidans les regions 
eleveea de la acience, en glissant quelque peu aur lea difficulties 
des ^lementa. I^ aavant professeur de Dublin, parfaitement au 
courant de la litt^rature math^matique de I'Angleterre et de la 
France, a cherchf i, r^unir dans une juste meeure, les quality 
qu'on rencontre chez les autenrs renommes de I'un ou I'autrc paya. 
11 a pleinemeut r^ssi dans cetie <euvre difficile ... La partie 
qui se rapporte an programme dea etabliaaementa helgea et frinjaia 
du degr6 moyen, eat admirahlement diveloppee . . . Ancun 
detail de quelque importance n'est omis ; ou trouve auasi bien les 
notions indiapensables pour connaitre let but proprement dit de la 
trigooometrie, que lea reasources foumies par cette science aux 
autres branches des math^matiquea . . . Conune nous I'avons 
d^j^ dit (Mathesis, t. viii., p. 114), ce traite de M. Casey can- 
atitue un repertoire trJs complet de trigwiometrie : ou y reterave, 
soit dana le teste, soit dans ies exercises, toutes les queatioos 
interessantes, publiees depuia un demi-si^cle dans les joumaux 
matbenmtiques. Dans les trente demidres armies, renseignement 
de la trigonometrie plane a fait, en France des progrls con- 
aidSrahles; on en pent juger par les probldnieaposSa aux examens 
publicH (St. Oyr, baccalaureot, 6cole poiyteclmique, &c.), prob- 
l^mea que eertaina joumaux {par example le J. H. 'E. de M. 
de LoDgchampsj «t mime dea recniela ap^ciaux (publics par les 
librairiee Iv'ony ou Croville-Morant) reproduiaent reguli&rement ; 
M. Casey a en la honne idee de faire nn bon choix parmi ces 
problSmcs pour ses exercicea. En meme temps, U a propose un 
tres grand nonihre de qnestiones oiiginales." 
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A TREATISE 



ANALTTICAI eBOIETKY 05 ISB POIHI, Illfl, 

eiKciB, ASD come SICIIOSS, 



Jtit ^aimiit of its raoHt lltmit ©stfiUBUiM, 

WITS NUMEEOUS EXAMPLES. 

JOHN CASET, LL.D., Rli.S., 

: Hf ember of Ihs Council 
in Hcaaemy ; Ac. rSo. 

Dublin : Hodeea, Flsete, & Oo. XKmdim : Longmans, Oreen. Sc Oo. 

OPINIONS OF THE WORK. 

Fi-om George Gabriel Stokes, President of the lieijal Society. 

" I write to thank you for your Mndneea in sending me your 
boot on the 'Analytical Geometry of the Point, Line, Circle, 
and the Conic Sections.' 

" I have as yet only dipped into it, being for the moment yeiy 
much occupied . Of course from the nature of the boot tiere IB 
much that la elementary iu il ; still I see there ia much which I 
should do well to study." 

iiVojM PKOFBSflOR Cailey, Camhridge , 

" I have to thank you very much for the copy you kindly 

sent nie of youi' treatiae on 'Analytical Geometry.' I am glad io 

ace united together so many of your elegant investigalions in this 

From M. H. Bkocird, Capetaine du Qmie d MontpelUsr. 

" J'ai en hier I'agrfiable surprise aur laquclle je me complaia 
d'ailleurs depuis un certain temps de recevoir votre nouveau 
' Ttaite de Geometrie Analytique.' . . . 

"Jemesuisemervcill^ du soinque yousayez ftpporte a la redac- 
tion dc cet ouvrage, et Je forme dee aujourd'hui lea vceui les plus 
sinccres pour que de nombreuses editions de co livre se repandent 
rapidement dans le public mathemalique ot parmi la jeunesse 
studieuse de nos univerait^a." 
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Fi'om Edwabd J. Routw, M.A., F.R.8., &c., Cambridge. 

" It aeema to me that so eifellunt a Ireatjse 15111 soon make its 
way to Ite front, even against the serete oompetitioc which all 
books on Conica now meet with. I fancy that many of the 
theorems camiot he elsewhere fonnd so conveniently explained/* 



From the " Fheeman'b Journal." 

" This treatise esMbits in a marked degree the quolilies which 
distii^uisb the author's other works. It is at once compact and 
comprehensive. . , , Dr. Casey's treatise, indeed, maj well 
accomplish for this generation what Dr. Salmon's did for their 
fatiers, namely, to introduce the young mathematician to the 
latest developments in the highest departmenta of the Science. 
. . , Scarcely any important step is there iu the work which 
he has not simplified, giving one, and aometimes several, original 
methods. . . . The method of projeetion is treated of in an 
entirely oiiginal manner, not rcquiniig the consideration of space 
of three dimensions, the projection heing performed in one plane, 
and the equation of tho curve obtained by a simple transformation. 
The properties of the M'Cay, Keuberg, and Brocard Circles are 
eontddered at aome length : indeed ihe latter haa now a literature 
of its own, to which Dr. Casey has largely contributed. . . . 
There are considerably over a thousand eiamplea, graduated 
from easy applications of the formulae to exercises of the highest 
Class of difficulty. Many of these are original, and many are 
hiatorically intoreating." 



From the " Dublin Eyeninq Mail." 

" This work will give a new impulse to the study of Analytic 
Geiimetry, introduce the student to new and more powerful 
methods, and greatly enlarge his mathematical horizon. It has 
been known for some time that Dr. Casey was engaged on a 
' C '8 tions,' and people expected that notwithstanding the 
n y w ks in the field. Dr. Casey's would present a good many 

al abl n velties ; but the work has, we venture to thioi, es- 

11 A all nticipation. . . . Dr. Casey makes a large use at 

d t rmmants. Ho introduces them in the very first chapter and 

mpl y them to the end. In the first chapter we fl 1 ti n 
d t d t coniples variables, and Gauss's geometrical p se 
t ti n f them ; and from Clebsoh he takes the comp nson f 

p nC nd ' line ' co-ordinates. He gives a great d 1 pm t 
to trilinear co-ordinates and tangential equations dis h 

new circles (Xocker'a, Biocard's, Heuberg s M Cay ) ppl 
Aronhold's notation to the discussion of the general q ti n f 
tlis second degree, and reproduces from bis own P^p n h 
Trtmsactiunt of learned aocieties many important th m and 
problems relating to inscribed and circumacnbed figure h 

gonal conies, and the tact-invariant of two-oonics Th 

work is a noble monument to Dr. Casey's gen us and h m st 
ing of all the resources of Modem Analytic Geometry 
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From "Nature." 

" Dr. Cbebj, by the puhldcation of this ft d treaba has 
quite fulfilled the expectations vre had fnndwhnw Bt.td 
some months aince that he was eoga 1 p a mpil t n 

It is a worthy companion of those wh h h p ec d d It 

poseesees many points of novelty, i.e f th. E rI h ni th 
matieian. He has from the first intr d ti f rt t 

continental discoveries in geometry tak n a warm mte t m 
them, and in Ihe purely geometrical tr tm t f th m has him 
self given several heautiful proofs, and h dd d J f 

his own. We may here note that iHa work hiw met with a very 
warm welcome in Fiance and Belgium. The author himself has 
added so muuh in years now long past lo seyeral hranches of the 
suhjeet treated of in the volume under notice — the equation of 
the circle (and of the oonio) touching three circles (three conies), 
and other properties— thab he is specially fitted, by his intimate 
acquaintane* with it, and by his long txiitional experience, to 
write a book on analytical geometry." 

From the " EDUOiTloSili Timbs," Seplemhr, 1880. 

"In this hook the author has added to those propositions 
usually mtit with in Treatises on Analytical Geometiy many 
which we have seen in no other books on the subject ; notahly 
extending the eqaaliooa of Circles inscribed in and circumscribed 
aboat triangles to polygons of any number of sides, and extend- 
ing to Conies the properUes of circles cutting orthogonally. The 
demonstrations are concise and neat. In many eases fte authnr 
has substituted origmal methods of proof advantageously, and in 
some has also added the old methods. We would spetoally note 
his treatment of the General Equation of the Second Degree, 
which is more saliafaotory than many we have seen. Throughout 
fte book there are numerous exercises on fte subject matter, and 
at the end of each section a ooEection of problems bearing on 
that part of fte subject. These problems have been obtained 
from Examination Papers and ofter sources. They have been 
selected with much care and judgment. The name of the pio- 
poser has in many cases been added, and will causa more interest 
to he taken in the solution." 
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Seventh Edition, Price 416; or in two parte, each 216. 
Tffl HB8T SIX BOOKS 

ELEMENTS OF EUCLID, 

With Copious Annotations and Numerous Exorcises. 
JOHN CASEY, LL.D., RE.8., 

Felloir of the Royal Universily of Ireland; member of the Council 
of the Roya! Irish Academy: &c., &c. 



OPINIONS OF THE WORK. 

The following are a few of the Opinions received by 
Dr. Casey on this Work : — 

From the Bet. H. Townbhnd, F.T.C.D., &c. 
" I haye no doHbt whatever of tlie general adoption of your 
wort throitgli all the Bchoola of Ireland immediately, and. of 
England also liefore very long." 

From the " Pbactical Teacher." 
"The preface states that this boot 'is intended to supply a 
want much felt by Teachers at the present dny^Uie production 
of a work which, while giviag the unrivalled origioal in all its 
integrity, would also contain the modem conceptLons and de- 
velopments of the portion of Greometry over whidi the elements 
extend.' 

" The book is all, and more than all, itprofeasesto be. . . . The 
propositions suggested are such as will be found to hare most 
important applications, and the methods of proof are both simple 
and elegant. We know no book which, witbin so moderate 
a compass, puts the student in possession of sueh valuable lesolts. 
" The exercises left for solution are sueh as will repay patient 
study, and those whose solution are given in the book itself wiU 
suggest the methods by which tie Others are to be demonstrated. 
"We reconmiend everyone who wants good esercises in Geometry 
to get the booij, and study it for tli 
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From the " Educational Timeb." 
" The editor has been yary happy in some of the changes he 
has made. The eomhinalion of the general and partieular enim- 
cialions of each propodtion into one is good ; and the shartening 
of the proofs, by omiltiiig the repetitiona, so common in Euolid, is 
another improvement. The use of the contra-positive of a proved 
theorem ia introduced with advantage, in place of the reductio ad 
ahsardum ; while the alternative (or, in aome cases, substituted) 
proofs MB nomeroas, many of them being not only elesant hut 
enimentlv suggestive The notes at the end of the hook are of 
great interest, and mnch of the matter is not easily accsEsible, 
The collection of btsj oieee, ' of which there are nearly eight 
hundred,' is another feature which will commend the book to 
teachera To aum up, we think that this work ought to be read 
by eiery taaLher of Geometry ; and we make bold to say that in 
one can study it witht - - - ' - - ' ■ ■ • • ■ - ■■ ■ ■> 

more valuable auggesti 

From the "Journal of Educatiok," Sept. 1, 1883. 

" In. the text of the propositions, the author has adhered, in all 
but a few instances, to the substance of Euclid's demonstrations, 
without, however, giving way to a slaviah following of hia occa- 
sional verbiage and redundance. The uae of letters in brackets 
in the enunciations eludea the neoeaaity of giving a second or 
particular enunciation, and can do no harm. Hints of other 
proofs are often given in small type at the end of a proposition, 
and, where neoesaary, short explanations. The definitions are 
also carefully annotated. The theory of proportion, Boot V., is 
given in an algebraical form. Thia book baa always appeared to 
lis an exquisitely subtle esample of Greek mathematical logic, 
but the subject can be made infinitely simpler and shorter by a 
little algebra, and naturally the more diffionlt method has yielded 
place to the lesa It is not Studied in schools ; it is not asked for 
even m the Cambn Ige Tripos ; a few years ago, it still survived 
in one of the College Evaminalions at St. John's ; but whether 
the retorming spirit which is dominant there haa left it, we do 
ntt know rhc book contains a very large body of riders and 
indepenlent geometrical problems. The simpler of these are 
given in immediate connexion with the propositions to which 
they niturally attach the more difficult are given in collections 
at the (ud of each book. Some of these are solved in the book, 
and these inolnde many well-known theorems, propertiia of ortho- 
centre, of nine-point circle, &e. In every way this edition of 
Euclid is deserving of commendation. We would also express a 
hope that everyone who uses thia book will afterwards read the 
same author's ' Sequel to Euclid,' where he will find an excellent 
account of more modem Geometry." 
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